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MRX: A differentiable 3D MHD equilibrium solver without nested flux surfaces
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This article introduces a new 3D magnetohydrodynamic (MHD) equilibrium solver, MRX, based
on relaxation of a magnetic field to a lower energy equilibrium state via admissible variations. We
describe the mathematical theory behind this method and discuss what can be transferred to the
fully discrete setting of a relaxation code. Our code is designed to address a number of traditional
challenges to 3D MHD equilibrium solvers: enforcing physical constraints such as divergence-free
magnetic field, high-order convergence, handling strongly shaped polar geometries, and controlling
topology changes of the magnetic field. Building on the JAX framework, we address questions of
computational efficiency on modern computing architectures, user accessibility, and differentiabil-
ity at each step. The solver is verified on manufactured vacuum solutions and against a VMEC
equilibrium of a quasi-axisymmetric stellarator. It is further demonstrated on a finite-3 NCSX

configuration, where we study h and p refinement, preservation of helicity, reconnection events and
seeded island chains. Finally, an inexact Newton method enables the computation of high-resolution

finite-3 equilibria with islands and chaos in minutes on a single GPU.
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FIG. 1: Visualization of a non-nested NCSX equilibrium with MRX, colored by rotational transform ¢ (left) and

normalized pressure (right).
magnetic reconnection.

1. INTRODUCTION

Fusion energy offers a promising path for a clean, re-
liable, and sustainable source of energy to power global
infrastructure, but significant challenges remain. The dy-
namics of plasmas are often modeled by magnetohydro-
dynamic (MHD) models, which are partial differential
equations (PDEs) that treat the plasma as a single fluid.

For many approximately steady-state space and labo-
ratory plasmas, the equilibrium is well-described by the
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Starting from a nested configuration, a large 3/5 island chain has formed through

time-independent limit of the MHD equations with zero
equilibrium flow. Three-dimensional, static, ideal magne-
tohydrodynamic equilibrium is given by the force balance
equation coupled with Maxwell’s equations.

This constitutes a search for B : § — R3, with a
bounded Lipschitz domain £ C R? such that,

Jx B=gradp, curlB=J, divB =0, (1)

together with suitable boundary conditions. We will re-
fer to (1) as the magnetohydrostatic (MHS) problem.
Throughout this work, we take units so that vacuum per-
meability pg = 1. Plasma pressure is denoted by p.

Fig. 1 illustrates an equilibrium magnetic field configu-
ration for a stellarator geometry. The 3D geometry leads
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to a mix of magnetic surfaces and island chains.

The boundary conditions we use in this work are B-n =
Jxn = 0on 09, where n is the unit vector normal to the
boundary. Physically, this means 0f2 is a magnetic flux
surface in vacuum. MRX handles more general boundary
conditions of the form (B — Byae) - n = 0 as well, cf.
Sections 4.2 and 8.2.

In this introduction section, we discuss the applications
of the MHS problem in 1.1 and how different assumptions
on the magnetic topology affect solution strategies in 1.2,
1.3, and 1.4. We comment on numerical evidence for the
existence of three-dimensional equilibria in 1.5. Existing
codes are presented in 1.6, our contributions in 1.7, and
the outline of the remaining presentation in 2.

1.1. Applications

It is hard to overstate the importance of computing
realistic magnetic equilibria. MHS equilibria form the
foundation of the design of magnetic-confinement fusion
devices by facilitating: (i) plasma state reconstructions
from experimental data [1], (ii) MHD and other sta-
bility calculations [2], (iii) neoclassical [3] and gyroki-
netic [4] transport calculations, and (iv) the initializa-
tion of extended MHD time-dependent codes such as
JOREKS3D [5], M3D-C1 [6] and NIMSTELL [7].

Interpreting and analyzing diagnostic data at every
time snapshot requires reconstructing the current state
of the equilibrium at each step. Besides computing phys-
ical quantities, these reconstructions are crucial for the
performance of plasma control systems that are integral
to fusion device design. These systems can allow for real-
time instability and heat flux control [3].

1.2. Symmetry

Finding a solution to (1) is very challenging analyti-
cally and there are open questions about the existence of
MHS solutions in toroidal geometry without the assump-
tion of axisymmetry. The Grad conjecture [9] states that
smooth MHS solutions with nested toroidal pressure sur-
faces can only exist in the presence of symmetry (axial,
helical, or by reflection) and remains open [10, Conjec-
ture 1].

An important class of fusion experiments, tokamaks,
are based on magnetic confinement in axisymmetric
toroidal geometry. In this case, nested flux surfaces are
guaranteed, and can be labeled by a magnetic flux func-
tion 1. Subsequently, the MHS equation (1) reduces to
the Grad-Shafranov equation, a two-dimensional, ellip-
tic, nonlinear partial differential equation. Various reli-
able solvers for the Grad-Shafranov equation are in use,
see [11] and references therein.

1.3. Nested flux surfaces

Toroidal devices without axisymmetry are called stel-
larators. Nested flux surfaces are not guaranteed in a
3D toroidal volume €2, and therefore the full 3D equa-
tions must be solved. Nonetheless, the most commonly
used codes to compute stellarator equilibria, such as
VMEC [12-11], GVEC [15, 16], and DESC [17] assume
that nested magnetic flux surfaces exist and therefore the
surfaces can be labeled by the toroidal magnetic flux .
The existence of nested flux surfaces implies the folia-
tion of the plasma volume into nested tori. Magnetic
field lines (i.e. integral curves of the vector field B) lie
on these tori and grad p is orthogonal to them, as can be
seen from taking the dot product B-(J x B—grad p) = 0.

This implies also that the pressure p = pprofite(¢) and
the rotational transform ¢ = tpronie(t) are flux func-
tions. The rotational transform describes the number
of poloidal rotations per single toroidal rotation of a
magnetic field line. Nested flux surfaces are often a
useful assumption because it simplifies the problem, es-
tablishes a convenient flux coordinate system, and re-
flects the expectation that stellarators with good con-
finement should exhibit large volumes of nested flux sur-
faces. Force balance generally can only hold in a very
weak sense, as singular currents will appear at rational
values of tprofite(¥) [18, 19]. This will be discussed in
detail in Section 5.8.

1.4. Magnetic islands

As stellarator optimization and experiments increas-
ingly scale to more realistic geometries representing
fusion-scale devices, there is an increasing need for find-
ing equilibria with islands and chaos. The former are
closed tubes (that are non-nested with nearby flux sur-
faces) formed by magnetic field lines with toroidal geom-
etry, the latter are volume-filling field lines. A five-fold
island chain can be seen in Fig. 1, near the plasma edge.

Modeling magnetic islands and chaos is important for
capturing the dynamics of real experiments, where these
features often play a large part in transport and divertor
operation [20]. The presence of uncontrolled magnetic
islands and chaotic regions primarily leads to a decrease
in the quality of confinement of the plasma. However,
the experimental device Wendelstein-7X is engineered to
take advantage of a particular magnetic island chain at
its edge, paired with an island divertor to allow for a con-
trolled release of heat from the plasma [21]. Sophisticated
design of such island divertors [22] or non-resonant diver-
tors [23, 24] is crucial, as the divertor nominally controls
critical device properties including: the large heat fluxes
to the material surfaces, impurity fluxes, plasma detach-
ment, helium removal, etc [25, 26]. Resolving island re-
gions can also help to initialize extended time-dependent
MHD codes, since the formation of islands is very slow
at fusion-relevant resistivity.



1.5. Numerical evidence for the existence of 3D
toroidal MHD equilibria

There is substantial numerical and experimental evi-
dence that the three-dimensional toroidal MHD equilib-
rium landscape is not effectively single-valued. Cooper et
al. found both an axisymmetric equilibrium and a spon-
taneously bifurcated helical-core equilibrium for the same
fixed boundary and prescribed pressure and rotational-
transform profiles, with comparable MHD energies [27].
Panici et al. subsequently recovered both branches with
DESC using deflation and force-balance errors below 1%,
and also obtained 25 distinct non-axisymmetric near-
axis-constrained equilibria that share the same magnetic
axis, on-axis transform, and first-order quasisymmetry
while differing substantially in magnetic shear and outer
geometry [28]. For genuinely stellarator-shaped bound-
aries, Thun et al. constructed continuous families of
low-force-residual equilibria at fixed boundary and ro-
tational transform while varying only a pressure multi-
plier [29], while the MRxMHD variational formulation
can provide family of relaxed three-dimensional equilib-
ria selected by regional magnetic helicities, fluxes, and
pressure jumps [30]. Experimentally, LHD exhibits hys-
teresis between healed and penetrated magnetic-island
states as the resonant field, plasma beta, or poloidal flow
is varied, indicating history-dependent long-lived states
with different magnetic topology over overlapping param-
eter ranges [31]. Thus, although strict nonuniqueness
for identical, fully specified non-axisymmetric stellarator
data has not been established generally, the available ev-
idence strongly supports multiple equilibria or long-lived
near-equilibria separated by small changes in pressure,
helicity-related constraints, topology, or residual force
balance. We will illustrate strong numerical evidence
for this hypothesis across the results presented in this
manuscript.

1.6. Existing 3D MHD equilibrium codes

Essentially all 3D MHD equilibrium codes boil down
to an optimization problem for minimizing the volume-
integrated energy or volume-integrated square of the
MHS residual, Equation (1).

We have already mentioned a class of 3D MHD equi-
librium codes that assume nested flux surfaces. The so-
lution is then determined by the flux coordinate system
together with a handful of scalar functions, which be-
comes the optimization target (c.f. equation (26)).

a. Breaking nested flux surfaces Beyond this class of
methods, there are a few other codes that can produce 3D
toroidal MHD equilibria with islands, which fall broadly
into the class of codes relying on MRxMHD with stepped
pressure profiles (SPEC, SPECTRE [32, 33]), Picard-like
fixed point iterations (PIES, HINT [34-36]) and magnetic
relaxation codes (SIESTA [37], and the MRX code pre-
sented here). We give a summary of relevant 3D MHS

codes we are aware of in Table I. Some of these codes can
perform free-boundary calculations, but the table sum-
mary and our focus in this work is on fixed-boundary
equilibria.

The MRxMHD stepped pressure approach relies on
solving Taylor relaxation problems in nested domains
with pressure jumps at the interfaces. It has the advan-
tage of reducing the problem to coupled Beltrami solves,
but this is a very different physical model than magnetic
relaxation, and convergence with respect to the number
of subdomains is generally unclear in 3D toroidal geom-
etry.

The PIES and HINT approaches are general ap-
proaches for non-nested equilibria, but each exhibit po-
tential numerical disadvantages. PIES is a Picard itera-
tion on the magnetic field, and such fixed-point schemes
converge at a linear rate. In practice this rate degrades
and under-relaxation of the current-profile updates is re-
quired for stable iteration [55]. A Newton variant of
PIES [56] halves the iteration count under the assump-
tion of nested flux surfaces.

HINT instead relaxes artificial dissipative MHD equa-
tions toward a steady state, alternating a pressure update
at fixed B with a field update at fixed p. Since the field is
advanced explicitly on an Eulerian grid, a CFL condition
limits the step size while the relaxation must run over the
much longer dissipative timescale, which is costly.

Out of the relaxation codes, SIESTA is the most simi-
lar code to that proposed in this work.

b. Added flexibility from finite elements FExisting
codes based on Fourier expansion in the angular vari-
ables do not support nonuniform angular meshes. In con-
trast, finite element (FE) codes can provide nonuniform
meshes and local mesh refinement for resolving the small-
scale features near magnetic islands (radial refinement)
or divertor regions (poloidal refinement), while retaining
a coarse representation elsewhere.

c. Structure preservation Classical magnetic relax-
ation comes from considering ideal admissible variations
that monotonically minimize the energy and preserve the
magnetic helicity and topology. However, many relax-
ation codes such as HINT and SIESTA cannot numeri-
cally guarantee that the divergence-free field properties
and fixed magnetic helicity hold.

This brings into question in what sense numerical con-
vergence is ever truly achieved. As we will discuss in
Section 5.8, a perfect discrete representation of the con-
tinuous system is infeasible. At the same time, it is es-
sential to have precise control of the approximation and
errors made through discretization.

We propose to address this issue, as in recent work [40,

|, by using structure-preserving mixed FE methods.

1.7. Owur contributions

In this work, we present a new numerical code to solve
magnetic relaxation problems in realistic geometries us-



TABLE I: Three-dimensional MHD equilibrium codes for stellarator geometry, ordered by year of first publication.

Codes restricted to Cartesian geometry used to study the Parker problem are omitted, such as |

are codes for time-dependent MHD, e.g. JOREK3D [5], M3D-C1 [6] and NIMSTELL [7].

]. Also omitted

Code Repository Year Method Discretization Back-end Islands?
BETA / BETAS [12-45)] - 1978 relaxation (momentum) FD x FR? Fortran
= NSTAB [40] - 1992 energy minimization FD x FR? Fortran
Chodura & Schliiter [47] 1981 relaxation (CG) FD (not field-aligned)  Fortran v
F NEAR [18] - 1985 relaxation (CG) FD x FR? Fortran
VMEC [12, 49] gh:hiddenSymmetries/VMEC2000 1983 energy minimization FD x FR? Fortran
F VMEC++ [13] gh:proximafusion/vmecpp 2025 energy minimization FD x FR? CH++
= VMEX gh:uwplasma/vmex 2026 energy minimization FD x FR? JAX
PIES [50] - 1986  field-line Picard FD x FR? Fortran v
HINT [51, 52] - 1989 resistive time-stepping FD (not field-aligned)  Fortran v
= HINT2 [35, 30] 2006 resistive time-stepping FD (not field-aligned)  Fortran v
SIESTA [37] gh:ORNL-Fusion/SIESTA 2011  relaxation (Newton) FD x FR? Fortran v
SPEC [53] gh:PrincetonUniversity/SPEC 2012 stepped pressure Chebyshev x FR? Fortran v
= SPECTRE [33] gl:spectre-eq/spectre 2026 stepped pressure Chebyshev x FR? Numba, v
DESC [17, 54] gh:PlasmaControl/DESC 2020 nested collocation Zernike X FR JAX
GVEC [15] gh:gvec-group/gvec 2025 energy minimization B-splines x FR? Fortran
This work gh:ToBlick/mrx 2026 relaxation (Newton) B-spline FE JAX v

ing a mixed finite element method built on top of the
JAX computational framework.

a. Goals and scope The eventual goal is to design a
new MHD equilibrium solver that can: (1) produce ro-
bust 3D MHS solutions with islands and chaos via mag-
netic relaxation, (2) scale on modern GPUs and provide
differentiable objectives, and (3) numerically reflect the
relevant structural properties to desired precision by us-
ing structure-preserving finite elements.

In this initial work, we propose only to solve the prob-
lem where B-n = 0 is prescribed on a fixed computational
boundary. The focus is on the mathematical properties
and convergence of the code.

We focus on the case of solid toroidal geometry. There
are no structural obstacles to transfer this work to
arbitrarily-shaped domains, including ones with multiple
cavities and tunnels.

Compared to previous magnetic relaxation methods for
MHS, our approach also differs in the way the pressure
is treated. We follow here the approach common in the
hydrodynamics literature [58], cf. Section 5.4.

b. Structure preserving finite elements As will be
discussed in Section 6, the finite element framework we
employ guarantees the preservation of crucial features
of the continuous problem after discretization. Among
these are the preservation of a divergence-free magnetic
field to machine accuracy, as well as helicity preserva-
tion and an energy dissipation equality to the order of
nonlinear solver tolerances.

Computational electrodynamics in general and mag-
netohydrodynamics in particular are rich with geometric
structure, as we will discuss in Section 3. It is by now
well-understood how this structure can be retained in
the corresponding discrete problems thanks to advances
in mixed finite element methods [59, 60]. Even seem-

ingly benign problems such as the computation of a vec-
tor potential A such that curl A = B given B can pose
difficulties after discretization [60, Chapter 5].

Preserving these quantities requires a suitable choice
of discrete vector spaces. While it is impossible to pre-
serve all features of the continuous problem in a finite-
dimensional approximation, it is possible to use approx-
imation spaces where some identities (e.g. as div B = 0)
hold to machine precision, while others (e.g. J = curl B)
hold only up to the order of the scheme.

Remark. Tt is worth noting that the equations that hold
only approximately in the discrete approximation are
those that only hold approximately in nature, too. In
other words, div B = 0 and curl H = J can be consid-
ered exact laws of nature, while uoH = B is a constitu-
tive law - the value of pg is determined experimentally
and this linear relation is the zeroth order approximation
of the magnetization of the plasma (this is the Bohr—Van
Leeuwen theorem [(1, §52] — the approximation is a very
good one in real plasmas).

Structure-preserving FE methods have been applied
to model MHD phenomena in a number of works [62—(7]
and also in magnetic relaxation codes [410, 41, 57]. How-
ever, to our knowledge, there are no works that tackle the
relaxation problem in the practically relevant toroidal ge-
ometry using structure-preserving finite elements.

c. Code framework We built the codebase for this
work on the JAX framework [68, (9], a tracing just-in-
time compiler for generating high-performance accelera-
tor code from pure Python and Numpy programs. The
benefit of this is threefold.

(1) The compiled code is highly performant on CPUs,
GPUs, and TPUs. It allows us to run MRX on the latest
computational hardware available by leveraging the ab-
stractions of the compilers in the OpenXLA framework.



(2) JAX supports automatic differentiation, i.e. the
computation of gradients of functions with regard to their
input arguments by tracing the primitive operations en-
countered throughout function evaluation. This allows,
for example, the computation of derivatives of equilib-
rium fields with regard to geometry inputs without re-
sorting to costly finite difference approximations. This is
a very attractive feature for PDE-constrained optimiza-
tion and other applications, e.g. incorporation of MRX
into stellarator optimization routines, a subject of future
work.

(3) Our code is open-source and highly accessible as all
dependencies can be installed via the pip package man-
ager after cloning the code repository !. We also have
interfaces for initializing equilibria from GVEC, VMEC,
and DESC solutions, and initializing coordinate map-
pings from map2disc [70] instead of a nested flux surface
solution.

2. OUTLINE

In this document, we will introduce the theoretical con-
cepts one-by-one, followed by numerical experiments to
demonstrate and validate their impact on the code. The
following list covers the remaining sections of this work.

3 Notation and formalization of the problem state-
ment.

4 Numerical verification of vacuum equilibria. These
problems can be solved by eigendecomposition. No
relaxation is involved.

5 The magnetic relaxation algorithm in continuous
form and its structure-preserving discretization.
(Non)convergence to equilibria in the continuous
and the discrete problem. Newton-type descent
methods.

6 Numerical study on the performance and impact
of various hyperparameters in the relaxation algo-
rithm.

7 Reconnection events, purposeful or spurious. Nu-
merical studies that show the emergence of large
islands in the computed equilibria.

8 Summary and pointers to future work.

3. FUNCTION SPACES AND THEIR
APPROXIMATION

At the center of MRX stands the de Rham complex
of function spaces and its faithful discrete approxima-
tion. This approximation yields important tools such as

! github.com/ToBlick/mrx

the discrete Hodge-Helmholtz decomposition, the crucial
identities curl grad = div curl = 0, discretely exact, and
the identification of harmonic fields. The latter consti-
tute the solutions to MHD equilibria with J = p = 0
which are called vacuum solutions.

A thorough treatment of the mathematical theory is
given in [59, Section 2.2] or [71, Chapter 7.5].

We will discuss the properties of the de Rham complex
in 3.1, the encoding of geometry in 3.2, and the crucial
Hodge-Helmholtz decomposition in 3.3. In 3.4 and 3.5,
we present the discretization strategy and some practical
implementation choices.

3.1. The de Rham complex

Let Q denote a bounded Lipschitz domain Q C R3.
Denote the boundary of € by 99 and the outward unit
normal of a vector at z € 9Q as n(x).

The Hilbert space of square-integrable, vector-valued
functions on this domain is denoted L?(; R3). We equip
all of the following function spaces with the standard in-
ner product, the induced norm, and we write the vol-
ume average of a function with the same bracket. For
u,v € L2(Q;R3),

(u,v)q = /Qu-vdx, lullo ==V {u,u)yq. (2)

The subscript names the domain of integration; the
point-wise norm |u|?(x) is denoted with single lines. We
also introduce the volume average for f € L1(Q)

(o = ﬁ /Q fda. (3)

Errors against a reference solution u* are reported rela-
tive to it, ||u—u*||rel := ||u —u*||q/||u*||q. The magnetic
pressure is |B(z)|?/2 and the magnetic energy £(B) =
| Bl|3/2; in every relaxation run the initial field is normal-
ized to || Bllq = 1, so that £ = 1/2 and (| B|?)q = 1/]€].
The plasma [ is the ratio of the kinetic to the magnetic
pressure: Byo := (p)a/(|B[*/2)a = 2(p,1)a/||B|3. We
report pressure values normalized by magnetic pressure,
i.e. puorm(z) = p(x)/{|BI*/2)q.

The force residual is normalized as in GVEC [10] as

||F||2 o ”J X B — gradp”?l

norm ° (4)
¢ | grad |B|?/2]13,

Definition 1 (Function spaces). The spaces of vector
fields on Q0 with weak grad, curl and divergence are de-
fined as:
H'(QR):={pe L% R):gradpe L (U R}, (5)
HN(Q;R3):={Ec L*(R?):curl E€ L2(Q;R3)}, (6)
HW(Q;R3):={Bec L*(;R3):divBe L*((;R)}.  (7)



The corresponding spaces of vector fields with homoge-
neous Dirichlet boundary conditions are defined as:

Hi (4 R) :={pec H(Q;R) : plaa = 0}, (®)
ngrl(ﬂ; R3> — {E c chrl(Q; R3) B ox n|é)Q = O}7 (9)
H§Y (5 RY) = {B € H™(Q;R*): B-nlpa =0}. (10)

We will, from now on, write L2(Q) for short for both
vectorial and scalar spaces.

Remark. The expressions B - n’ 9 = 0 should strictly
speaking be understood in the sense of a trace operator,
see [60, Lemma 2.1.1].

The 3D de Rham complex can be written as:

0— H! grad Freurl curl Frdiv E\SLQ 0. (11)

It is a special case of a closed Hilbert complex
0 vo Ly 2 Eoys (12)

and satisfies the following properties for all k: (i)
ranged® C VF*1 (i) d**! o d* = 0, and (iii) the range
of d* is closed in V**1 [72, Section 3.1.3].

For the de Rham complex, (ii) describes the central
vector calculus identities curlgrad = divcurl = 0. We
anticipate already that (iii) is crucial to retain during
discretization in order to arrive at a well-posed discrete
problem [60, Theorem 4.15].

We call elements of the space V* a k-form. More de-
tails will be given in Section 3.3.

Each d* has a Hilbert adjoint, the co-differential
djyq: VE+HL 5 VF | defined by

(dFu, v)yrn = (u, df 1 0) e, (13)

for all uw € V¥, v € VF*! where VF !  V*+1 is the do-
main of dj , ;. These domains are proper subspaces that
carry the boundary conditions the differentials do not:
for the de Rham complex (11), dj = —div on Hy(div),
d5 = curl on Hp(curl), and dj = —grad on H{}. The
co-differentials form the dual complex

0 Vo iyt &2 & s g (14)

which is again a closed Hilbert complex: dj odj, ; =0
and rangedj ,; = (kerd”)= is closed.

3.2. Domain and mapping

The domain of interest in this work is Q C R3, the
volume of space that encloses the plasma. This domain
is typically shaped in a moderately complicated manner,
cf. Fig. 1. We will define approximation spaces in the
logical domain, and therefore need to define appropriate
operations to translate between the logical and physical
domains.

a. Coordinate systems The approach we take in this
work is to describe () as the image of the logical domain
) = [0,1]? after application of the mapping ® : 2 — R3.
We will denote the coordinates on the logical domain
by (r,0,() = & € Q. The map P is assumed to be a
C' diffeomorphism everywhere except at r = 0. The
Jacobian matrix of the mapping ® is defined as D® with
entries (D®(2));; = 09,(2)/0%;.

The columns of D®(&) are parallel to the unit vectors
in the (r,0, () directions at position Z.

We denote ®(%) = x = (21,22, x3), these are points in
physical space. We also introduce a cylindrical coordi-
nate system (R, ¢, Z) = (\/2? + x3, arctany(xs, 1), 3).

b.  Pull-back and push-forward Points in the logical
domain z € € and functions defined in logical coordi-
nates such as f Q>R carry a hat. The hat decorator
is omitted on coordinate names r, 0, (, the map ® with
its Jacobian D® and basis functions A¥. Through the
following push-forward and pt}ll—back operations, we can
associate to every function f on the logical domain a
function f : Q — R on the physical domain.

Definition 2 (Push-forward). For functions fp:Q—
R we define two push-forward operations to the physical
domain as follows: For all x € Q,

fl@) = (80F)(@) = F(@ (), (15)
pla) = (@30)(0) = LD g

We furthermore define two push-forward operators on
vector fields E, B : Q) — R3 as:

_T =~

(21E)(x):=(DO(27 () E(@™'(2)), (17)

2o DO(@ () B (2))
(2B)(z):= det DO(—1(z))

E(x):

B(x): (18)
The corresponding pull-back operations are obtained when
replacing the mapping ® with its inverse ®1.

Lemma 3 ([71], Theorem 6.4.4). The operations grad,
div and curl are natural with respect to the push-
forward under C'-diffeomorphisms, that is, the push-
forward of the gradient/curl/divergence is the gradi-
ent/curl/divergence of the push-forward.

Note that even when ® does not describe an orthogonal
mapping, it crucially retains boundary conditions. The
proof is given in Appendix A.

Lemma 4 (Pull-backs preserve boundary conditions).
When f € HY(Q), E € H;"(Q), and B € H$Y (1Y), then
d0f € HY(Q), ®LE € HS"(Q), and ®2B € HIV(Q).

c. Stellarator geometry All calculations in this work

take place in solid toroidal geometry. All mappings share
a polar singularity, i.e.

®(r,0,¢) "3 zaxis(C) V0. (19)



The limit does not depend on # so the Jacobian of the
map is not invertible at » = 0. The handling of this
singularity is discussed in Section 3.4.

Given functions R : @ — Ry and Z : Q — R (the
cylindrical coordinates of the image point, hence the let-
ters), we obtain a basic stellarator map as follows:

r R(r, 0, ) cos(2m(/nyp)
O: |0 = |—R(r,0,¢)sin(2r(/ng) | , (20)
¢ Z(r,0,¢)

so that Q covers one of the ngp, field periods and all fields
are ng,-periodic in the toroidal angle.

In this work, the functions R and Z are represented
using spline discretizations introduced in Section 3.4.

Remark. More general maps using e.g. map2disc [70] or
maps with additional symmetries (e.g. stellarator sym-
metry) have also been implemented in the MRX code.

d. Interface with nested flur surface solvers The
functions R,Z : Q +— R are typically obtained from
nested-flux surface solvers such as VMEC and GVEC.
In MRX, the map is represented as a C' polar B-spline
map on the 0-form basis of the de Rham sequence.

We emphasize here that we do not assume that ® de-
scribes a flux coordinate system. All that is required is
that ®(Q2) = Q. In general, the magnetic axis and the
axis of the coordinate system, <I>(£)|r=0, need not coin-
cide.

For every equilibrium solve, the mapping @ is held con-
stant. In contrast, for codes that operate under a nested
flux surface assumption, the mapping is itself the opti-
mization objective and changes during solving for equilib-
rium. Anticipating future use of this code for stellarator
optimization (in which the boundary shape and therefore
the mapping changes each iteration), we have also re-
implemented map2disc’s main functionality within MRX,
with differentiable JAX code. Future work will focus
on incorporating MRX into stellarator optimization rou-
tines.

It is of course possible to use such an optimized map for
®. Doing so is beneficial for several reasons: as we expect
features of the solution to align with the grid and we can
use the physics to derive preconditioning strategies in
flux-aligned coordinates.

We show some of the grids employed in MRX in the
illustrative Fig. 2.

3.3. Hodge decomposition

The L?-orthogonal Hodge-Helmholtz decomposition
expresses a vector field as the sum of a gradient field,
a divergence-free field, and a harmonic component. In
fact, vector fields in L?(Q) admit two LZ-orthogonal
Hodge-Helmbholtz decompositions [71, Section 7.5.5], cor-
responding to the decomposition of V' and V2 intro-

FIG. 2: Different meshes that can be used in MRX at

¢ = const. slices. We show here also Poincaré sections
of the reconnected field on these meshes (c.f. Section 7).
The island width agrees to 2% across the three meshes.

duced in Section 3.1:

2 1 L 1 L 1
L () = grad H' (Q) @ curl H§"(Q) & H(Q)
— curl () T grad HL(Q) & H5(Q).  (21)

The orthogonality relations here are understood with re-
spect to the L? inner product.

In terms of differential and co-differential, the Hodge
decomposition reads

V¥ = range d*~! @ range diy, @ H*,
H* = ker d* Nkerd;. (22)

The two decompositions of vector fields in L?(2) in par-
ticular correspond to 1-forms and 2-forms.

Definition 5 (Harmonic forms). The spaces $H*, k €
{0,1,2,3}, are called harmonic spaces; elements by of
H*(Q) are harmonic forms. The L*-projection onto $*

is denoted by 19", The harmonic spaces of the de Rham
complex with homogeneous boundary conditions are de-
noted by HE(Q).

Lemma 6 ([71, Corollary 7.5.4]). gradhy =0 in Q: the
elements of H°() are the functions constant on every
connected component of Q. The elements of H'(Q) and
H2() are vector fields with curlh = div b = 0, with zero
normal trace in $H'(Q) and zero tangential trace in H%(Q),
and $H*() = {0}. Moreover dim $H*(Q) = dim $H37%(Q),
the two spaces being isomorphic.



All harmonic forms lie in the kernel of the Hodge-
Laplace operator with corresponding boundary condi-
tions.

Definition 7 (Hodge-Laplace operator). The Hodge-
Laplacian on L* : V¥ — V¥ is
LF = d;_,d* + d*1dq;, (23)

with domain {u € VENVF : dbu e VI, dju e VF-1}.
For the de Rham complex (11), L° and L3® are the
scalar Laplacian — div grad, while L' and L? are the vec-
tor Laplacians curl curl — grad div. The boundary condi-
tions differ due to the domains of the co-differentials.

By construction L* is self-adjoint and positive semi-
definite, (L*u,u)q = ||d*ul|3 + ||djul|?, its kernel is $H*
by definition, and it is invertible on ($*)* by the Hodge
decomposition (22).

As a consequence of de Rham’s theorem [71, Section
7.5], the dimensions of the harmonic spaces are the Betti
numbers of the domain. That is, dim $°(€2) is the number
of connected components of 2 (always one in this work),
dim $1(2) is the number of tunnels (or handles) in €,
and dim $2(£2) is the number of cavities.

For a solid torus, the form of all domains in this work,
dim $1(2) = 1 and dim $H2(2) = 0. In the plasma physics
community, elements of $2 are usually referred to as vac-
uum fields; they describe magnetic fields with zero nor-
mal boundary trace that induce no current. For an ax-
isymmetric toroidal domain, b; oc R~ e

3.4. Discretization

MRX is built on B-spline basis functions defined on
the logical domain €2, mapped to the physical domain 2
via .

a. Finite element exterior calculus The finite ele-
ment framework we will follow, known as Finite Ele-
ment Exterior Calculus (FEEC), crucially retains im-
portant features of the de Rham complex introduced
in Section 3 after discretization such as the identities
curlgrad = divcurl = 0. These relations hold to ma-
chine precision at any discretization resolution, they are
topological (incidence) operations. Furthermore, this ap-
proach comes with certain guarantees about numerical
stability, in particular, the inf-sup stability criterion for
various saddle point problems that arise is satisfied [72,
Theorem 3.8] and the approximation spaces can be de-
composed via a discrete Hodge-Helmholtz decomposi-
tion.

Various excellent references exist on the theory behind
FEEC and its connection to cohomology theory [59, 72].
The exposition we provide here for the sake of self-
containedness will be presented on the level of the matrix-
vector equations that arise after discretization.

The k-forms (k € {0,1,2,3}) are represented as piece-
wise polynomial functions valued in R (for k € {0,3}) and

R? (for k € {1,2}). We denote these discrete function
spaces by V¥, k € {0,1,2,3}.

These spaces are constructed such that the images
of the (continuous) grad, curl and div operators are
contained in the subsequent space: f, € VhO implies
grad f, € Vi, A, € V! implies curl 4, € V}2, and
By € th implies div By, € V,?.

Example 8 (Vector spaces that do not form a complex).
This fact importantly does not hold in any FE method.
Consider, for example the space V)2 consisting of piece-
wise linear functions and VY = V@ VL@V, a vector-
valued approrimation space where every component is an
element of VP. For f € V2, grad f is a discontinuous
function, hence grad f & V,Y°°.

The spaces with (essential) homogeneous boundary
conditions are denoted Vi Vk € {0,1,2,3}. The basis
functions that span V* are denoted {A¥},. We denote the
L2-projection operator to the space V¥ by IIF : ITFy =
up =Y, u; AF where > wi(AF, A%)g = (u, Af)q Vi.

b. Spline finite elements In this work, the spaces
{V*}, are spanned by a cartesian product of B-splines.
B-splines are defined by their order p and a vector of knot
points. They are piece-wise polynomial functions, C'*°
between knot points and CP~™ at knot points, where m
is the multiplicity of the knot point. In particular, given
degrees (pr,po,pc) € N3, resolutions (n,,ng,n¢) € N
such that n. > p., c € {r,0,}, let {N?,}<, denote one-
dimensional B-splines of degree p.. The basis functions
{A9}777™¢ are then defined via cartesian products and
a flattening of their indices via vec : N3 — N, (j, k,1) —
i.  Evaluated at the point & = (r,6,(), this yields
A(2) i—vec(ikl) = Nf,j(r) Ng’k(Q) N?,l((). When we de-
note the space spanned by one-dimensional B-splines of
degree p by SP,

® s vi-
ce{r,0,¢(}

SPr @ SPe—1 g Spc—1
Vh2 = | §pr—1 g SPo & GPc—1
Spr—1 g Spe—1 g Gp¢

Spr—1 g SPe & SP¢
SPr @ SPe—1 & SP¢
SPr @ SPe @ SPc—1

0 _
‘/h_

Vi ® s (o)

cer,0,¢

Here n. is the number of splines of V' in direction ¢: in
the periodic angles this is also the number of cells, while
the clamped radial direction has n,.—p cells. Throughout
this work, we use h, := 1/n, to denote a characteristic
cell size.

For more detailed references regarding spline finite
elements in computational electromagnetics, we refer
o [73, 74].

Remark. In the interest of avoiding notational clutter,
we will drop the subscript 5, in the following.

c. Polar splines The problems we consider occur
naturally in toroidal geometry. As a result, the mapping
® is singular at r = 0. We modify the cartesian product
structure of the spline basis functions because regularity



requirements on the axis imply linear dependence of some
of the splines with support at 7 = 0: The pull-back of any
(physical) 0-form f will lead to f:oof ’7‘:0 = constant.
The requirement that all elements of V? satisfy this rela-
tion leads to a number of linear constraints, analogously
for k£ > 0. A detailed reference for these constructions
is [75, Chapter 5].

The number of splines affected depends on the desired
regularity around the axis. Polar splines are introduced
in [76-78] and used for MHD simulations in [66]. In the
interest of brevity, we refer to these references for further
details.

Example 9 (Continuously differentiable polar splines).
For elements of VO and V¥, C° continuity demands that
in every plane of constant (, the coefficients of all ng
splines that are clamped at r = 0, the inner ring of basis
functions, are equal. Hence, dim VPolar:0 = ((n, —1)ngy +
Dn¢e. To obtain C' regularity, the two inner rings of
basis functions are affected, a total of 2ng functions. In
this case, three C-compatible basis functions are added
to replace them, and dim VP20 = ((n, — 2)ng + 3)ne.

In order to use polar splines in toroidal domains, it
is sufficient that there exists a smooth diffeomorphism
between () and a circular axisymmetric torus.

This is the case for every geometry produced by a
nested flux surface solver such as VMEC or GVEC. These
solvers represent the domain as a family of poloidal cross-
sections swept around the torus, each the smooth image
of the unit disc, and their nested-surface ansatz requires
det D® not to change sign for r > 0, so ® is a local dif-
feomorphism away from the axis. It is injective because
distinct flux surfaces do not intersect and the plasma does
not intersect itself.

All maps used in this work are represented by the same
splines that are used to span V°.

3.5. Implementation

We now give a very brief overview over some imple-
mentation choices.

a. Matrices By rescaling the splines of lower order
in V¥, k > 0, it is possible to ensure that the degree-
of-freedom to degree-of-freedom representation of grad,
curl, and div operators are incidence matrices, i.e. they
only hold entries +1, independent of the geometry. We
will denote these matrices by Dy (k = 0: grad, k = 1:
curl, £ = 2: div). It holds that Dy1Dy, = 0, independent
of geometry and mesh size.

Furthermore, we denote the k-form mass matrix by
M, with entries (Mg)i; = (A}, A¥)q. The mass matrices
depend on the metric through the pull-back operation,
as they must. The integrals over € in this definition
are pulled back to integrals over {2 and evaluated using
Gauss-Legendre quadrature in every knot interval (cell)
of the spline spaces. The quadrature grid thus mimics
the tensor-structure of the basis functions.

All operators (except the second variation bilinear
form in the last section 5.9) in this work can be expressed
as combinations of these basic matrices. For example,
stiffness-like matrices are given by ]D)ngH»lDIw

For £k = 0, this represents the bilinear form
(grad A, grad A?)g, for k = 1 it is a curl-curl opera-
tor, and for k = 2, it is the bilinear form corresponding
to —grad—div.

A weak derivative operator that maps k-form degrees
of freedom to k — 1-form degrees of freedom is expressed

by (—1)kM,;111D){_1M;€; we write it with a tilde, gfr;l,

curl, div for the three weak derivatives. It is called weak
as the divergence/curl/gradient only holds in a weak L?
sense, while the incidence relations (gradient of a 0-form
is a 1-form, curl of a 1-form is a 2-form, divergence of a
2-form is a 3-form) hold point-wise.

The full Hodge-Laplace operators combine weak
and strong derivatives, reflecting the differential/co-
differential formulation of the continuous Hodge Lapla-
cian:

Ly := DMy 1Dy + MDDy M ' DY My, (25)

where it is understood that terms with & < 0 or & > 3
are omitted.

This discrete form exactly resembles the definition of
LF as LF = dz+1dk + dk=1d;.

b. Matriz-free implementation None of these matri-
ces are ever assembled. They are applied through the
tensor-product structure of the spline bases: a k-form
is evaluated on the (p + 1)® Gauss-Legendre quadrature
points of every cell by three one-dimensional contrac-
tions, multiplied by the metric coefficients stored on the
quadrature grid, and contracted back. The cost of one
operator apply is therefore proportional to the number
of quadrature points, and the memory footprint to the
geometry stored on them, a few floats per point from the
symmetric metric tensor (6 unique entries), its inverse
(6), and the Jacobian determinant (1).

c. Solvers and preconditioners Every linear system
is solved by a Krylov method on the matrix-free opera-
tors: preconditioned conjugate gradients for symmetric
positive definite operators, MINRES for indefinite sym-
metric operators.

We apply a custom-built preconditioner exploiting the
sequence properties and tensor structure of our approxi-
mation space. This preconditioning strategy will be ex-
plained in a forthcoming publication.

The stopping criterion of every solve is the residual
measured in the norm of its space, where the mass matrix
preconditioner serves as a cheap proxy for the inverse
mass-weighted norm.

The Hodge-Laplacian is only invertible on the subspace
orthogonal to harmonic forms. We hence first compute
the harmonic forms for every geometry and then deflate
them from every solve, i.e. project both the right-hand
side and solution of L*u = f to be orthogonal to every
harmonic form.



d. Precision The code runs in three modes. In
float64 every operation is in double precision. In float32,
used for computational efficiency and needed for running
on specialized architectures like TPUs, the Krylov itera-
tions run in single precision and the residual can only be
resolved to /€33 ~ 3.5% 10~%. In mixed mode, the Krylov
iterations run in float32 while the residual of the outer it-
erative refinement is formed in float64 and the correction
is accumulated in float64, which reaches float64 toler-
ances at float32 efliciency.

Default tolerances are 1071° in float64, 10~® in mixed
precision and 3.5 x 1074 in float32.

Remark. All timings cited are on a single H100 GPU.
Note that setup times involve host-side compilation,
which might be slowed by concurrent jobs taking up re-
sources.

4. VACUUM NUMERICS

The first verification experiment we perform concerns
the computation of a harmonic (vacuum) field in stel-
larator geometry, described in 4.1. We verify the com-
putations against an analytical solution in 4.2 and one
computed from VMEC in 4.3.

4.1. Geometry

Both GVEC and VMEC supply (r,60,()
(R,Z)(r,0,¢) as a discretized function: a spline in
r (p = 1 for the VMEC case) and Fourier expansion in
0,C.

The spline coefficients of the MRX map are the L2
projection of this series onto the map’s tensor-product
spline space, a cheap operation as it de-couples by direc-
tion. The map ® is then assembled as in (20).

The initial magnetic field is obtained as the discrete
curl of a vector potential, By = curl Ag. From the equi-
librium’s toroidal and poloidal fluxes r — W (r), Uy (r)
and the angle stream function (r,6,¢) — A(r,0,() we
obtain the closed-form reference 1-form

o(r.0.6) = 2 (=225 i), -0 o

2 Nfp

in the logical frame, whose curl is the equilibrium field in
the Clebsch form of the nested-surface solver.

The discrete field is By = curl Ay, so By is divergence-
free to machine precision. The potential Ag € V1 is fixed
by prescribing the line integrals of Ay over one set of cell-
sized intervals (Greville histopolation). The toroidal flux
is the circulation of Ay along the wall, a sum of these
prescribed line integrals.

Our numerical experiments are run on the geometry
of the Landreman-Paul precise quasi-axisymmetric (QA)
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FIG. 3: Vacuum case: Magnitude |B| of the vacuum
magnetic field on the boundary of the QA device.
Spline resolution (32 x 64 x 32), degree p = 3. A faint
seam is visible after one field period; this is only a
visualization artifact, from mapping the plasma with
field-period-symmetry.

”B_B : ”rel

100~ p=3

107! 1072

FIG. 4: Convergence of the discrete vacuum field to the
analytic solution B* with respect to resolution: k =1 is
the scalar-potential route B = grad f + ch1, kK = 2 the
vector-potential route B = curl A. The gray lines
indicate the theoretical convergence rate h?, which is
observed for all cases.

device [79], shown in Fig. 3.2

4.2. Manufactured vacuum solution

We consider the Landreman-Paul precise QA design
with ng, = 2 and aim to solve the following prob-

2 The original low-res input file for this configuration can be
found at: https://github.com/hiddenSymmetries/simsopt/blob/
master /tests/test_files/input.LandremanPaul2021_QA _lowres
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FIG. 5: Vacuum case, left: Poincaré (¢ = 0.25) cross-section of the vacuum field of the QA device in the physical
frame with field lines colored by rotational transform ¢. Center: The same plot in the logical frame. Right: the
rotational transform of every traced line, one marker per line, against the logical radius r at which the line crosses
6 = 0.5 (the horizontal line in the center plot).

lem: Find B such that divB = curl B = 0 in  and
(B — Byac) *n = 0 on 99. The idea here is that we can
specify an analytic vacuum field as a boundary condition,
and validate (h,p) convergence of our code to the ana-
lytic vacuum field in the whole volume. The field By, is
chosen as

Buae(R.6.2) = 5 + grad (R cos(nip)  (27)
in cylindrical coordinates with ¢ € [0, 27]. All computa-
tions take place in the toroidal coordinates (r, 8, ().

There are two distinct ways to solve this problem,
corresponding to the two Hodge decompositions of the
vector-valued L?(Q) space, i.e. expressing the magnetic
field as a 1-form H or a 2-form B.

a. Solution for Kk = 1 When we approximate the
magnetic field as H € V!, then it holds that

H =chy +grad f (28)

where h; denotes the harmonic field, i.e. the single ele-
ment of H', f € V°, and ¢ € R is a scale parameter. Note
that by L2 grad f by the discrete Hodge-Helmholtz de-
composition property of the FEEC spaces.

To satisfy div H = 0 and the normal boundary condi-
tions, we can solve the Neumann problem

(grad f,gradv)q = (Byac, gradv)g Yo e V0. (29)

This constitutes the inversion of a k = 0 Hodge-Laplacian
operator with natural boundary conditions. The scale ¢
is set by matching the circulation along a closed toroidal
curve, which in logical coordinates is obtained by follow-
ing the vector field (0,0,1).

b. Solution for k =2 When approximating the vac-
uum field as B € V2, there is no explicit harmonic con-
tribution as 2 = {0}. Instead B = curl A, where the
vector potential A € V! solves the curl-curl problem

{curl A, curlw)g = (Byac, curlw)q Vw € V1, (30)

i.e. a k = 1 Hodge-Laplacian problem with natural
boundary conditions. The toroidal flux is carried by the
boundary circulation of A and there is no harmonic con-
tribution.

Results are presented in Fig. 4. The meshes have
(m,2m,m) splines per direction with m = n + p and
n = 4,...,64 radial cells; the 1-form space then has
6m? —12m? 4+ 5m and the 2-form space 6m3 —12m?+2m
degrees of freedom, from 3,400 (n = 8, p = 1) to
1,830,000 (n =64, p = 4).

Up to n = 16 a run takes 1.5 to 5 minutes at every
degree, of which the two solves take seconds to a minute
and the rest is the construction of the sequence and its
harmonic forms together with the JAX compilation. At
the finest meshes the solves dominate: at n = 64 the
scalar-potential solve takes under a minute at every de-
gree, while the vector-potential solve takes 0.7, 3.5, 8 and
23 minutes for p =1 to 4.

4.3. Convergence to a VMEC equilibrium

Next, we compare the discrete harmonic 2-form hy €
53(2) against the vacuum field Byygc of a VMEC equi-
librium of the same QA design. To match the scale of
BvumEec, we compute the circulation ¢ € R and report

| Bvmec — ¢balla / | Bvmec|o- (31)

Unlike the manufactured case there is no exact target:
we measure agreement with another computed equilib-
rium, limited by the accuracy of the independent solve.
Against a low-resolution VMEC reference (75 flux sur-
faces, 8/8 poloidal/toroidal modes) the difference satu-
rates at ~ 8 x 10~°. Recomputing the reference at higher
resolution (201 flux surfaces, 16/12 modes) lowers that
floor to ~ 5 x 107, which all three degrees reach at the
finest meshes (Fig. 6). The solution is shown in Fig. 5,
and illustrates essentially nested flux surfaces, consistent
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FIG. 6: Agreement HBVMEC — ChQHQ/HBVMEcHQ of the
discrete harmonic 2-form with the high-resolution
VMEC vacuum field. The discrepancy decreases with
resolution at every p and saturates at ~ 4.5 x 107°, the
truncation of the reference. Against the low-resolution
reference the difference plateaus earlier, at 8.4 x 107°.

with a similar calculation in SPECTRE [33, Fig. 5b]
(at most, there is a very small 10/24 island chain). We
expect further convergence of the floor will be limited
both by resolution and by the assumption of nested flux
surfaces in VMEC.

With the current MRX code implementation, the
harmonic form of the largest reference meshes (1.8 to
3.9 x 10° degrees of freedom) is computed in 20 to 70
seconds after a setup of about two minutes.

5. MAGNETIC RELAXATION

We now move on to describing finite-3 MHS solutions
obtained by magnetic relaxation. We introduce its his-
tory in 5.1, and formulate it as a constrained minimiza-
tion problem in 5.2. We discuss incompressible variations
in 5.3 and clarify the treatment of pressure in 5.4. A brief
discussion of regularization in 5.5 leads to an outline of
the actual discrete relaxation scheme in 5.6. We include
explanation of relaxation diagnostics in 5.7, a clarifica-
tion on convergence studies in 5.8, and end with New-
ton’s method in 5.9.

5.1. Relation to previous work

The fact that magnetic equilibria are stationary points
of the energy with respect to admissible variations has
been known for many decades.

a. FEnergy principle In [80] and [81], two different
derivations of admissible variations are given. The latter
authors credit Lundquist [82] with the development of
this energy principle. The same papers also derive the
stability conditions of equilibria based on the eigenvalues
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of 62€. Alternative derivations of the stability condition
are given in [83, 84].

b. Helicity The observation that the helicity is con-
served under admissible variations is usually credited
to Woltjer [35], who also pointed out that the fields
B : curl B x B = AB with constant A\ € R are min-
ima of the magnetic energy subject to the constraint of
constant helicity. The term helicity was coined by Mof-
fatt [86], who also connected it to the degree of entan-
glement of field lines. The term magnetic relaxation was
also popularized by the fluid dynamics community, where
the same process is used to study stationary solutions of
Euler’s equations [87, 88]. The review article [58] and
textbook [89] give an overview of magnetic relaxation
including energy bounds, the Arnold inequality, and spe-
cific topological considerations.

c. Numerics The first works to attempt a con-
strained minimization of £ as a means to compute mag-
netic equilibria numerically were, to our knowledge, the
works by Chodura and Schliiter [47] and the BETA
code [42, 43]. A more recent application of this idea
is the SIESTA code [37]. The principle of magnetic re-
laxation has also been investigated in the astrophysics
community in recent years as a tool to study the Parker
conjecture [38—41, 90, 91].

5.2. Constrained minimization

Consider a magnetic field B € H§"(Q) with div B = 0.

Definition 10 (Energy functional). The magnetic en-
ergy € : HEV(Q) — R of the field B is given by

£(B) = 5|1BIA. (32)

a. Admissible variations Ideal perturbations of B
conserve the magnetic topology. They are defined as fol-
lows:

Definition 11 (Admissible variations). Given v €
HY(Q) N CYRY), we define admissible variations v
0, B by:

0, B := curl(v x B). (33)

Proposition 12 (First variation of the energy). For B -
n=v-n=0 on dQ and J = curl B,

85,£(B) = (B,6,B)q = —(J x B,v)a.  (34)

Proof. From the definition of §,B and integration by
parts, §,E€(B) = (B, curl(v x B))q = {(curl B,v X B)q.
The boundary term vanishes since ((v x B) x B) -n =
(v-B)(B-n)— |B]*(v-n) = 0. Finally (J,v x B)g =
—(J x B,v)q. O



b. Arnold’s inequality As was mentioned in the in-
troduction, to be useful, magnetic relaxation schemes
should avoid relaxing to the vacuum equilibrium B « .

To construct such a magnetic relaxation scheme, we
will recall the following lower bound on the energy, often
referred to as Arnold’s theorem [92].

Definition 13 (Generalized helicity). Let A € H§"(Q)

with carl A = (Id — Hf’g)B and divA = 0. The general-
ized helicity of B is

H(B) := (A, B + 119 B)q. (35)

Its value does not depend on the gauge of A; the gauge
div A = 0 is fized for concreteness. When $H%(Q) # {0},
this is no longer the case and the definition must be ad-
justed.

Proposition 14 (Helicity bounds energy). When
$H%(Q) = {0}, the magnetic energy is bounded from be-
low by the generalized helicity, with Aq a constant that
depends only on €:

> H(B). (36)

Proof. Write By 1= 1196 B. The Poincaré inequality [93,
Proposition 4.1] and Helmholtz-Hodge decomposition
(21) give

1 1
A1 < 3ollewl Al = - 1BIE. (67

Hence,

Va4, B+ Byla < VallAlla ([ Blle + [[Bslla) ,

by the Poincaré and Cauchy-Schwarz inequalities, and

<2/ Ao ||Allal|Blla < 2|B||3 = 4€(B),
since ||Bglla < ||Bla- -

Conserving the generalized helicity provides a barrier
to relaxing to the trivial equilibrium. A relaxation trajec-
tory is visually illustrated in Fig. 7. Resistive dissipation
can be used to purposefully induce topological changes,
but it is important to control any change in helicity that
occurs. We justify below why admissible variations allow
for sufficient control over this generalized helicity loss.

Proposition 15 (Preservation properties of admissible
variations). Admissible variations of the magnetic field

preserve div B = 0 and the harmonic component Hf’gB,
since diveurl = 0 and curl(v x B) L $3 by the Hodge—
Helmholtz decomposition, and they leave the generalized
helicity of Definition 13 unchanged: with A € H§"(Q),
curl A = B — 19 B,

5, H(B) = 5v/ A-(B+T™B)dz=0. (38)
Q
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FIG. 7: A sketch of magnetic relaxation as a
constrained minimization problem. Field configuration
energy & is displayed on the z-axis. Constant helicity H
sheets are plotted in gray. The lowest energy states at
fixed helicity are Taylor states, curl Brayior = A Braglor-
By Arnold’s inequality (36), lowest energy within one
sheet grows with || and the vacuum field
curl Byacyum = 0 is the lowest energy state. The orbit
generated by admissible variations (teal) satisfies the
stricter constraint of constant field topology within one
helicity sheet. Relaxation from By descends along this
orbit to the nearest minimum, B.q. Smooth local
minima of the energy along this orbit satisfy
(J x B,v)q = 0. The orbit is plotted with kinks to
demonstrate the regularity issues discussed in Section
5.8: at a kink the energy is not differentiable along the
orbit, and a minimum there need not be force-free.

Proof. Let B, := IT9 B. For the vector potential, 8,4 =
v x B + grad ¢ for some ¢ € H'(Q2) depending on the
gauge. Hence,

6H(v) = (6,A, B+ Bg)a + (4,6,B)q
= (v X B+ grad o, B+ Bg)q (39)
+ (A, curl(v x B))q
= (v x B+ grad ¢, B+ Bg)q (40)
+ (B — Bg,v x B)g.

Since B x B = 0 and grad ¢ L2 {B, By} for all ¢ €
H(Q), all terms vanish except +(Bg,v X B)q, which
cancel one another. O

Remark. For more information on generalized helicities,
we refer to [89, Section II1.7] and [10, 94].

c. Resistivity and reconnection Occasionally, it is
useful in a magnetic relaxation scheme to induce some re-



connection. Resistivity is an effect that introduces mag-
netic diffusion, allowing for reconnection of field lines.

Physically, resistivity proportional to a constant pa-
rameter 77 > 0 modifies the variations to

0,B = curl(v x B —nJ), (41)

with J € H§"(9).
Lemma 16 (Resistive variations). For §,B = curl(v x
B —nJ) with J € HS™(Q),
0,E(B) = —(J x B,v)a = nllJ|I§, (42)
and
0, H(B) = —2n(J, B)q. (43)
See Appendix A for the proof.

Proposition 17 (Helicity loss under resistivity). With
the variations of Lemma 16,

6, H(B)|* < 8nE(B)[6,€(B)|, (44)
an upper bound on |SH| of order \/n.

While magnetic diffusion can drastically change the
small-scale topology of the field, the global helicity can
persist through much longer time scales. The proof is
given in [89, Remark 7.19].

d. Gradient descent Setting v = J x B leads to
§,E(B) = —||J x B||3 < 0, a decrease in energy that
formally terminates once curl B = AB, a pressure-less
equilibrium of the form of a Beltrami field.

5.3. Incompressible variations

Clearly, we need to generalize this picture to include
finite pressure; we want to satisfy J x B = Vp at equi-
librium, not J x B = 0. This is achieved with the Leray
projection.

Definition 18 (Leray projection). The Leray projection
of u € HW(Q) is

@Yy, .= 4 — grad p, where — Ap = —divu, (45)
with homogeneous Neumann boundary conditions on p;

by construction div [I*"y = div(u — grad p) = 0.

Corollary 19 (Force balance at a stationary point). For
v =TI (J x B),

0,E(B) = —{(J x B,J x B — gradp)q (46)

= —||J x B — gradp|3, (47)

as J x B — gradp is divergence-free and hence L>-

orthogonal to gradp; a stationary point of this descent
satisfies J x B = grad p.
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More generally, the Hodge—Helmholtz decomposition
yields

Corollary 20 (Decomposition of the Lorentz force). By
the Hodge—Helmholtz decomposition (21), for any B the
Lorentz force J x B = curl B x B decomposes as

J x B = grad p + curlw + cb, (48)

with curlh = divh =0, ||h|lo =1 and ¢ € R. The three
components are L?-orthogonal to one another, hence ||.J x
B~ gradp|a < 7 x Ba.

Another option is to solve curlcurlw = curl(J x B)
and set ¢ = (h,J x B)q. This step is analogous to the
computation of the potential A from B.

We then obtain J x B—grad p as curlw+ch. Note that
¢ < 1 close to equilibria where J x B is approximately
grad p, which is L?-orthogonal to b.

Proposition 21 (Admissible variations are push-for-
wards along volume-preserving flows). Let F; be the flow
of a velocity field vy, dFy(x)/dt = v (Fi(x)), Folx) =z,
and let By(Fi(x)) := DFy(x)Bo(z) be the push-forward
of By. Then F; is volume-preserving if and only if
dive; = 0, and 0;B; = curl(vy x By): the admissible
variations of Definition 11 are the infinitesimal push-
forwards along volume-preserving flows [S9].

Proof. Let F; denote such a map and define By (F;(z)) :=
DF;(x)By(x), the push-forward of an initial field By with
this flow. When dF:(z)/dt = v(Fi(x)), Fo(x) = =z,
then F; is volume-preserving if and only if dive, = 0
(by Liouville’s formula) and we find 0 = d(B; o F; —
D]-'tBo)/dt]t:O = 9,B; + DByv, — Du,B; = O0,B; —
curl(vy x By). An adapted calculation holds for com-
pressible variations as well, see [95, Lemma C.1]. O

Remark. Tt has been conjectured in [39, Section 1.9] and
shown in [96] that helicity is in fact the only integral
invariant of volume-preserving maps given certain regu-
larity assumptions.

5.4. Pressure

For Grad-Shafranov solvers as well as 3D nested equi-
librium solvers that solve for the flux function v, the de-
pendence of p and ¢ as functions of ¢ is an input to the
method. The physical fields p(x) and ¢(x) are then given
by p(&) = Pproie(t(x)) and 1(z) = tprofie((x)). With
enough experience, one can use the inputs pprofle and
tprofile t0 shape the outputs p and ¢. Even in this case,
the final pressure in physical space is also an output of
the numerical method, since it will vary as 1 varies. In
three-dimensional configurations, this procedure breaks
down as B is no longer determined by v and the toroidal
flux value alone.

In our case, the pressure p (the same letter as the
spline degree, which does not appear in this context) is



not treated as a dynamical variable and function of the
density as in e.g. [37, 47, 48], but rather as a Lagrange
multiplier. We prescribe an initial pressure and rota-
tional transform only through the initial condition By.
At each step, it is the solution to the elliptic problem
Eq. (45) with homogeneous Neumann boundary condi-
tions, with the advantage that it enforces the important
property that force balance holds at an energy minimum,
Eq. (47). In other words, the final pressure profile will
depend on the initial condition and the trajectory (the
hysteresis) of the relaxation.

Remark. This choice is common among helicity-
preserving relaxation methods in fluid dynamics but to
our knowledge has not been used in previous magnetic
relaxation codes.

For practical purposes, one way to replicate the profile
design is to prescribe a p and ¢ profile using a code that
assumes nested flux surfaces and then use the output
of this code as an input to a relaxation run, potentially
with a small perturbation to escape the (local) minimum
with nested flux surfaces. As the relaxation process starts
close to an equilibrium, we can expect that ||B — Byl|q
is small, where B denotes the state of the magnetic field
throughout the relaxation. The same is true for ||p—pol|q
and ||¢ — tollq, giving us control of p and ¢ through the
initial condition. In this case, the lack of direct control
over the profiles might actually be a useful feature; the
prescribed pprofile and tprofile are roughly respected, and
some modifications and flattening of the profiles can be
achieved where islands and chaos open up in the solution.

5.5. Regularization

There are a priori only very weak regularity guarantees
on J x B and this can lead to grid-scale oscillations in
v in a numerical scheme. For this reason, it is beneficial
to apply a smoothing operation to v, as has been done
in [47] and also is done in the analytic treatment of the
relaxation problem in [97, Equation 2.1].

We can let v = (Id —eA)~7(J x B—gradp) (¢ > 0) in
order to dampen high-frequency oscillations.

We note the following solvability result:

Lemma 22 ([72], Section 6.2.3). For any F € H{V(Q)
satisfying F 1 $% and divF = 0, there ewists u €
HIY(Q) such that curlcurlu = F, divu = 0, and
u L .V)g.

By Lemma 22, divv = div (Id—eA) 7 TIM (J x B) =
0 and

0,E(B) = —{(Id — eA) " (Jx B — gradp), Jx B)q (49)

= 7 % B = gradpll}, s ) = ~llelid; (o

i.e. the energy dissipation equals an e-weighted Sobolev
norm of order —v of the force residual.
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5.6. Discrete relaxation

We now provide the discrete counterparts to the con-
tinuous relaxation. We simplify to the case v = 1 without
loss of generality.

a. Algorithm Relaxation is performed by solving the
following system of equations:

Definition 23 (Relaxation step). Let B™ € V?, §t, € €
R~o. The relazation step from B™ to B"1 is the solution

of

J = curl B, (50)
p = (divgrad) " div(.J x B") (51)
v=(Id+ecurlcurl) *(J x B" —gradp), (52)
E =TI} (v x B") — o I} B, (53)
B"t!' = B" + §tcurl E, (54)

where the optional scalar ¢ € R is chosen such that
(E,B" + B"1)g = 0.

The operations grad, curl, div are the weak derivatives
as described in Section 3.5. They are the discrete version
of the co-differential operators from Equation (13).

The velocity smoothing constitutes a Hodge-Laplace
problem for k£ = 2 and the Leray projection one for k = 3.
The alternative path via v = curlw + ch requires the
inversion of a k = 1 Hodge-Laplacian:

divw =0, (55)

15115,

All problems are posed with essential boundary con-
ditions. Their discrete well-posedness is shown in [72,
Sections 6.2.2—4]

All together, a single relaxation step thus constitutes
the solution of two Hodge—Laplace equations and a num-
ber of mass matrix inversions.

b. Discrete helicity preservation We now discuss
how the continuous helicity preservation from Proposi-
tion 15 reflects in the discrete setting.

w = (curlcurl) curl (J x B™),

v = curl (Id + ecurl curl) ~tw +

Definition 24 (Discrete vector potential and helicity).
The discrete vector potential A € Vi of B € V§ is the
solution of the Hodge—Laplace problem for k = 1 with
essential boundary conditions [72, Section 6.2.2],

curlcurl A — gradq = (:TEIB, q= &RIA, Alge 55(1),
(57)

which gives curl A = B — 19 B. The discrete helicity is
that of Definition 13, H = (A, B + 119 B)q,.

The following identity holds for any E € Vg when
Bt = B" 4§t curl E, the proof is given in Appendix A.



Lemma 25 (Discrete helicity balance). Let B" € V2,
E € Vy and B"™' = B" + §tcurl E. Then

HTL — W =26t (E,B™)q + 6t? (E,curl E)q.  (58)

The continuous flow conserves the helicity because
FE = v x B is point-wise orthogonal to B and the second
term, time-integration error of the explicit step, vanishes.
Discretely, the projection of v x B onto Vi to obtain E
leads to a residual of order h” in the interior.

Corollary 26 (Discrete helicity remainder). For E, =
(v x B") — o II{B™ as in (50),

HnJrl — K"

557 = (Il}(v x B™) —v x B", B" — 1} B")q

St
— 0| T B™(|3 + 5 (Ey,curl E,)q. (59)

Equation 59 is a quadratic function in o. It can be
solved for o to make the right-hand side vanish and re-
store exact discrete helicity preservation at the cost of
a few matrix-vector products and one additional mass
matrix inversion.

An alternative method to exactly preserve helicity
discretely is the introduction of an auxiliary variable
H = II} B together with an implicit midpoint method
for time-stepping. For the configurations in this work,
H x n =0 is not a reasonable assumption, as the mag-
netic field does not vanish on the computational bound-
ary. Projecting B to the Vj space can lead to spurious
oscillations. The works [40, 57] that use the auxiliary
variable formulation assume either fully periodic or no-
slip boundary conditions.

The advantage of the auxiliary variable approach is
that the problem stays variational. In contrast, o # 0
changes the energy identity by o 0t (J, B)q. Given that
o is usually of the order 1072, it is in practice not enough
to break energy dissipation.

We emphasize here that the preservation of global he-
licity is not a constraint that is as strong as the preser-
vation of field-line topology that is present in the con-
tinuous problem. Indeed, as we will see in the numeri-
cal experiments, grid-scale islands can appear and vanish
throughout relaxation after discretization.

c. Discrete energy evolution The following result is
proven in Appendix A.

Proposition 27 (Discrete energy evolution). Solutions
to (50) satisfy

5n+1 _ 5n

= =~ |olh — < llewl vl - o (7, B

5t
+ 5 el B, (60)
with E, =TI} (v x B") — ¢ Iy B™.

In particular, for o = 0 the energy decreases for 0 <
ot < 2([[olfg, + ellcurlv[|,) /]| curl Eql[3.
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Lemma 28 (Exact line search). Since the magnetic en-
ergy is quadratic in the increment 6 B = curl E™, the line
search ming; E(B™ + 0t curl E™) has the closed-form solu-
tion

(B™, curl E™)q

Oty = —~——~1—— 1%,
| curl E™ |3,

(61)

We clip this time-step so that the velocity advects the
field by at most a fraction C' of a cell in one step: with
9" the logical components of v and h; the knot spacing
of direction 1.

CFL
ot = min {ot.. b (62)
max; g ,; [0°(2)|/h;
with CFL < 1. We pick CFL = 0.5 in all numerical

experiments. Empirically, the cap binds only in the first
steps of a relaxation from a rough initial field.

d. L-BFGS We can store the velocities from previ-
ous steps in order to build an L-BFGS descent path. We
denote the memory size by m. Note that the L-BFGS
approximation of the hessian is not aware of the cur-
vature of the constraint (constant topology) manifold.
While it is built only from admissible descent directions,
a true second-order method needs to take the second con-
strained variation into account as discussed in Sec. 5.9.
With m = 1, we recover the Polak-Ribiere conjugate
gradient method, also used in [17]. We use Powell’s
restart [98] when consecutive forces are far from orthog-
onal and fall back to gradient descent (m = 0) for this
step to avoid the descent stalling.

e. Chunking The relaxation loop runs internally in
an inner, compiled loop of chunks, embedded in an outer
loop that is pure Python. Between outer loop steps, any
callback routines can run, such as computing and stor-
ing diagnostics. As a result, host-device synchronization
happens once per chunk rather than once per step. This
offers a good compromise between speed and flexibility.
The fastest performance can be achieved running the en-
tire relaxation in one chunk, but the overhead from the
outer loop is typically small (1-5% of wall time).

The full descent state, the field, the pressure, the warm
starts of the solves and the optimizer’s history is written
to disk at every chunk and can be restarted from any
checkpoint with the same geometry, mesh, degree and
precision, so that a relaxation can be branched off from
or resumed at a later time.

5.7. Diagnostics

The following diagnostics are central to our numerical
experiments.

a. Force residual We recall that following GVEC’s
convention, we normalize the force balance by the mag-
netic pressure gradient.

1F | form = I x B — grad |3,/ grad | B* /2|3



b. Rotational transform The rotational transform ¢
is defined as the fraction of poloidal versus toroidal rota-
tions along a field line.

For each traced field line, ¢ is fitted as the slope of the
unwrapped poloidal against the toroidal angle over the
whole trace.

c. Poincaré plots To compute integral curves we in-
tegrate da;/dt = B(x;) with x4—¢9 = xo. This is done in
logical coordinates: the integral curve thereis &, = ® o
x¢, so day /dt = DO~ (z) doy/dt = D@ (x;) B(x;) and
#4—9 = @ 1(zg). Using the definition of B € V? and
H € V! through their logical representatives B and H,

o= (det DB(3) " B(2) (63)

= DO 'Dd T H(i,).
Since we want intersections of the integral curves with
planes ( = constant, we re-parametrize by (, i.e. we di-
vide by the (-component of the right-hand side:
d B(z
4 20 (64)
d¢ Be(2)

where Eg is the ¢-component of the logical vector B (and

analogously H). The (-component of the right-hand side
is then unity, so ¢ is the independent variable and we
record crossings at fixed-( planes, stepping forward pe-
riod by period. In our numerical experiments field lines
are integrated with a fixed-step fifth-order explicit (Tsi-
touras’) Runge-Kutta scheme from the diffrax [99] pack-
age.

Remark. This is in contrast to, e.g. the SIMSOPT
suite, where field lines are traced in cartesian coordi-
nates and plane crossings are detected in a secondary
post-processing step via root-finding. We have found the
re-parametrization with ¢ to be significantly faster.

d. Island size The width of an island chain at ¢« =
ngp n/m, where n counts the chain’s toroidal turns per
field period so that its toroidal mode number is ngn,
is measured on the traced field lines. Among the lines
whose fitted rotational transform lies within 2 x 1073
of the rational, we take the largest excursion max.r. —
min. . of the logical radius over all crossings ¢ on all
planes. A line inside the island near its separatrix spans
the full island width, a nested surface spans nothing, so
the measure is zero when the chain is closed.

Widths are quoted in logical r and in units of the radial
cell h. =1/n,.

5.8. Convergence

In this last section, we discuss the topic of convergence
of magnetic relaxation methods. We now review the
physical mechanism of current sheets forming on rational
surfaces, what is known about the continuous problem
from the analysis side, and how these difficulties lead to
finite resolution effects.

17

a. Current sheets Ideal relaxation in the continuous
limit keeps the topology of the field lines, so the equi-
librium it tends to retains the rotational transform of
the initial field on every surface. On a surface with ra-
tional transform ¢ = n/m the field lines close. Force
balance across such a surface has no smooth solution in
general: the perpendicular current B x grad p/|B|? has a
divergence that the parallel Pfirsch-Schliiter current must
close. For the (m,n) harmonic the closing current is pro-
portional to 1/(tm — n) [18].

The ideal displacement that would align the field is
discontinuous across the surface for the same reason. At
rational surfaces, B is tangentially discontinuous, hence
the current curl B is a singular sheet. This mechanism is
what the Grad conjecture [9, 10] and the Parker problem
[87, 100] are concerned with.

b. The continuous problem The well-posedness of
the magnetic relaxation is largely an open problem in
analysis. It is known that the regularized relaxation is
globally well-posed on the flat torus for v > d/2+ 1 and
its velocity tends to zero [97, 101]. However, the limit
need not be smooth and generic fields cannot relax to
a smooth equilibrium under their topological constraint
95, 102];

c. Discretization floor For any discretization, a real
current sheet would be a sub-grid quantity. After a fast
initial descent, any relaxation run will form them and the
force residual stalls near the discretization floor where the
forming current sheets can no longer be resolved.

This floor is not a stationary point of the discrete en-
ergy, at which the projected force would vanish. The
optimization landscape becomes very flat along the di-
rections of modifying the sheet-scale structures. At this
stage any progress in decreasing the energy comes at the
price of numerical reconnection. One can constrain the
topology conservation more by using a smaller time-step
or a tighter solver tolerance, but true convergence is not
possible.

The consequence is that a relaxation run for practical
purposes should aim to reach this floor and terminate
instead of spending large amounts of computational effort
for little gain.

The rise of the force residual can be pictured as taking
long steps along a narrow, curved valley of the energy
landscape. The quadratic model is accurate along the
valley floor, yet any misalignment sends the step up the
valley’s sides, where the gradient (force residual) grows
even though the energy still decreases. The regularized
line search of Section 5.9 shortens the step once the sides
are felt.

5.9. Newton’s method

Far away from the discretization floor and close to a
nested equilibrium state (in the weak sense), the opti-
mization problem is well-behaved. We can make use of
second-order information of the energy functional.



a. Second variation The hessian approximation L-
BFGS builds is blind to the curvature of the constraint
manifold. We now derive the correct expression for the
second admissible variation.

Proposition 29 (Second variation of the energy). Along
the flows F; of Proposition 21, with 6,B = curl(v x B)
and 62 ,B = curl(u x 6,B), the second variation of the
enerqgy is

5. ,E(B) = (6,B,6,B)q (65)

+ %(B, curl(v x 6, B))a + %(B,curl(u X 0,B))q.

Proof. Expand the push-forward B; = exp(F;)B in t:

t2
By=B+t6,B+58,,B+0(t) (66)

and substitute into £(B;) = 1|B¢|3. The second-
order contribution to the energy is %((%B,&,B)Q +
(B,6% ,B)q), adding the contributions from u and v gives

(65). O

The Newton step minimizes the quadratic approxima-
tion of £(By): find u with divu = 0 such that

62 ,E(B) = (J x B —gradp,v)q Vdivu=0. (67)

The constraint divu = 0 can easily be incorporated by
formulating the problem in terms of w, ¢ : curlw+ch = u.

At this stage, we drop the harmonic contribution ch
as J x B ~ gradp is almost orthogonal to § close to
equilibria. The final equation to solve for w € V{ is thus

JﬂéQS(B) curl w = gllvﬂ(J x B). (68)

b. Solution strategy It remains to efficiently solve
Equation (68) at every relaxation step.

Lemma 30 (The Newton system). The system (68) is
symmetric and singular. Every gradient grad o, ¢ € VY,
lies in its kernel since curlgrad = 0, and the right-
hand side is orthogonal to these gradients, as {(curl(J x
B),grad p)q = (J x B, curlgrad ¢)q = 0.

The Gauss—Newton part (§,B,0,B)q of (65) has the
further kernel of the velocities with curl(v x B) = 0, the
symmetries of B, on which the right-hand side vanishes
as well by Proposition 12.

In practice, we rely on an inexact Newton method [103,
Section 7.1] with a fixed number of MINRES iterations
applied. The line search along the resulting direction is
capped at the Newton length f(5\t/: 1.

The condition number of curl §2£(B) curl is O(10%),
so to achieve anything with a fixed budget of MINRES
iterations, we require a decent preconditioner. We make
use of the fact that for stellarators, the magnetic field is
mostly harmonic (||B — ch|lo/||Blla = 0.04 on the NCSX
case). As b is constant throughout relaxation, we only
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need to compute this approximate inverse once. More
details on the preconditioning are given in Appendix 2
and in a forthcoming paper.

Overall, our procedure is similar to that of SIESTA,
described in [37, Section IX.A] and [104].

c. Time-stepping near the discretization floor Once
the force residual is small enough, the only way to fur-
ther reduce the magnetic energy is by re-ordering the
field near resonant surfaces and current sheets (c.f. Sec-
tion 5.8). The quadratic model of Newton’s approxima-
tion breaks down here and following the analytic line
search of Equation (61) leads to significant reconnection
from time-steps that are too large. While this decreases
the energy and hence Newton’s method is doing its job,
we have to remember that the energy minimization is
only a means to find (local) minima where §,€ = 0.

We therefore modify the criterion to choose §t to pe-
nalize further amplification of current sheets and use the
regularized energy £ + £||.J||§ instead, with the step di-
rection unchanged.

Lemma 31 (Regularized line search). The exact mini-
mizer of £+ £||J||3 along the increment 6B = curl E of
a direction u with force F' is

F.u)g —e(J,curl 6B
= BwezelheuldBle e g
6B + € [Jcurl 6 B[

It replaces the step of Lemma 28. The effect is that re-
laxation stops once grid-scale structures emerge. We set
C = 0.1, determined by a hyperparameter sweep shown
in Appendix 2.

6. RELAXATION NUMERICS

We now formulate a robust group of experiments to
test the numerics, hyperparameters, computational ef-
ficiency, and convergence of the proposed methodology.
We introduce a benchmark example NCSX in 6.1 and
show results for a quasi-Newton descent method in 6.2.
Helicity drift/preservation are discussed in 6.3. We end
with some nuances of Newton’s method and its limit
states in 6.4.

The exact specifications of all numerical experiments
that are reported in this work are given in Appendix 1.
As before, all reported timings are for a single H100 GPU.

6.1. INCSX configuration

NCSX was an experiment at Princeton Plasma Physics
Laboratory, designed to determine whether a compact
QA stellarator can combine ideal confinement properties
of tokamaks with the functionality of stellarators [105].
Although the project was not fully realized, this configu-
ration remains a useful tool for analysis of high-3 design
possibilities.



The equilibrium is the 11383 NCSX reference con-
figuration computed by VMEC with 49 flux surfaces,
Mpol = 9 poloidal and ngor = 5 toroidal modes, three field
periods, major radius 1.42 m, minor radius 0.33 m, aspect
ratio 4.4, on-axis field 1.47 T and a volume-averaged (3 of
4.25% [105]. TIts rotational transform rises from 0.393
on the axis to 0.655 at the edge. The map ® is the L?
projection of the file’s (R, Z) series onto the C! polar
spline space, and the initial field is the discrete curl of
the histopolated potential of Section 4.1. The rotational
transform crosses both the ¢+ = % and ¢+ = % surfaces.
This is the geometry from Fig. 1.3

All runs in the following branch off from the reference
configuration (n,,ng,n¢) = 16 x32x32, p = 2, mixed
precision.

Remark. The seconds per step quoted in the tables are
the steady stepping rate over compiled chunks after the
first, hence excluding just-in-time compilation. Wall-
time axes and the time columns include this first chunk.

The diagnostics evaluated between chunks (helicity,
pressures, check-pointing) are excluded from both. This
overhead is small (1-5%) compared to the full run time
and would not be present if the goal was simply to pro-
duce the final relaxed state without documenting the de-
scent.

6.2. L-BFGS

We now show a number of different configurations that
the relaxation code can be run in, and demonstrate the
impacts of the different hyperparameter choices. A com-
prehensive list of choices available to the user is shown
in Appendix 2.

We want to emphasize that all hyper-parameters in
the code have interpretable values in terms of quantities
of interest (helicity, plasma beta, etc) or discretization
choices (grid scale, solver tolerances, etc).

a. Smoothing The hyperparameter £ that controls
the strength of the smoothing is set to ¢ = 0.02 h2 to off-
set the grid-dependence of the Laplacian spectrum. The
constant 0.02 was determined by a hyperparameter sweep
shown in Appendix 1.

From Fig. 8, it is evident smoothing the velocity before
advecting the magnetic field is a necessity. For v = 0,
the force decreases to 2 x 10~7 at step 2200 and then
grows to 2 x 107° over the remaining 18,000 steps while
the helicity drifts by 8 x 107%. Grid-scale oscillations
take over, and the run is unusable for the purposes of
this work, its final field fully chaotic, the nested initial
condition broken down entirely.

The need of regularization of magnetic relaxation dy-
namics is well understood in the continuous case [97]. To

3 The high-res data file for this configuration can be found at
https://github.com/landreman /regcoil /blob/master/equilibria/
wout_li383_1.4m.nc
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FIG. 8: Impact of velocity smoothing: v =1 (black,

solid), v = 0 (teal, dashed) for 20,000 steps. Without

smoothing, grid-scale oscillations lead to a complete
breakdown of the run.

our knowledge, the only work that systematically stud-
ied this numerically so far is [106], but only for a one-
dimensional toy model.

6.3. Helicity preservation

Next, we verify the helicity balance of Section 5.6. Per
step the plain explicit step on B drifts by the remain-
der (59), which can be compensated by solving for the
correction o. This requires operating at high numerical
precision, since the drift of a single-precision field is of
the order of its own machine epsilon.

Table IT shows that double precision allows to conserve
the helicity to 1.7 x 10715, ten orders of magnitude below
the explicit step’s 107°. In mixed precision, the corrected
step is exact to 1.9 x 1077, the rounding of the stored
helicity. The removed energy and force residual differ
between the corrected and the explicit step by less than

2%.

TABLE II: Helicity preservation, with and without
correction term, throughout L-BFGS descent for
different choices of precision.

|AH/H|
precision plain step corrected step
mixed  1.00 x 107° 1.86 x 1077
float64  1.03 x 107° 1.73 x 107*°

Remark. We do, however, see that the effects here are
much milder than those shown in [40, Section 4.2.2],
where the scheme without auxiliary variables dissipated
the helicity entirely in only 1,000 steps, presumably due
to the choice of larger time-steps.
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FIG. 9: Squared force residual against wall time for
L-BFGS(m = 1) (teal, dashed) and Newton’s method
(black, solid). Newton’s method reaches the
discretization floor in a fraction of the time and does
not exhibit the same oscillatory behavior of || F||?.
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FIG. 10: Newton’s method at different resolutions:
most evident is the computational cost increase as

o 212 (Table IIT). All resolutions share a floor as more
and more current sheets are resolved as h shrinks.

6.4. Newton’s method: convergence to the floor

The addition of Newton’s method speeds the method
significantly and allows us to reach the discretization
floor with normalized square force residuals < 1078, Re-
sults are shown in Table III and Fig. 9.

Computations at reasonable resolutions (e.g. 24x48 x
48, 149,856 degrees of freedom) reach < 1078 in less than
ten minutes.

The cost per step increases as n2!, below the rate of
total degrees of freedom oc n3. The residual floor itself
does not move appreciably with the resolution, but we
note that helicity preservation improves, as expected, like
nP (p =2).

In Appendix 2, we show Poincaré sections of the re-
laxed states at three resolutions. Only grid-scale features
differ between them, while p and ¢ profiles and force resid-
uals are in agreement across resolutions.
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7. RECONNECTION

Magnetic reconnection is what allows the field line
topology to change. It leads to the opening and clos-
ing of magnetic islands near resonant surfaces and cur-
rent sheets. Reconnection happens either on grid-scale
through finite-resolution effects or can be actively en-
abled by adding resistivity (7).

We discuss resistive reconnection in 7.1 and the tar-
geted seeding of magnetic islands in 7.2. Hysteresis (the
dependence of the relaxed state on the initial condition)
is discussed in 7.3, and the pressure within magnetic is-
land regions in 7.4.

7.1. Resistive reconnection

It is possible to induce magnetic topology changes by
interjecting the relaxation process with a single resistive
solve of the form (Id — nA)B"*! = B".

a. Controlling the amount of reconnection The nat-
ural question to ask is how to select . We do so by
assigning a certain helicity budget to the reconnection
event.

Corollary 32 (Resistive dose). The size of n can be
chosen to target a given relative change in helicity: by
Lemma 16,

%H ~ —2n

For the modest helicity changes within the experiments
reported here, we empirically observe that island width
increases approximately with the square root of relative
helicity change.

With resistive reconnection studies, it is possible to
relax a state for a given time, store the reached state
closer to equilibrium and perform a reconnection step.
The reconnection step drops energy at the rate —n||.J||3,
the squared current norm at the rate —2n| curl J|3,
and changes the helicity by the desired signed rate
_277<']7 B>Q-

Plasma S typically drops along with J. Since the
energy is essentially unchanged and gradp = J x B,
the relative drop of 8 to first order in 7 is that of
J ie. —n|carlJ||3/|J||3. This is assuming that the
pressure-carrying perpendicular current scales with total
J. Hence,

sB/B 1
SH/H 2

<Ja B>Q

(A, B)o’ (70)

| curl J||%
1 711%

<Aa B)Q
(curl A, curl B)g

(71)

In the numerical experiments this factor is 5 to 7: a 1%
helicity change drops 3 by 5 to 7%.

The reconnected field will sit at a much larger force
balance, from where the relaxation can be continued to a
(potentially lower) energy state that was previously topo-
logically inaccessible. This new state might also allow for
a lower force residual.
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TABLE III: Comparing the relaxation performance for L-BFGS and Newton’s method.

method resolution  steps s/step  time I F || 2orm steps to | F||2orm  time to || F||2omm [min] AH/H
[s] [min] floor x107° 107% 1077 107® 107° 1077 107® x107°

L-BFGS(m =1) 16x32x32 5000 0.32 27.5 1.88 320 1190 1481 2.3 6.7 8.3 -10.6
Newton 12x24x24 40 2.80 3.2 19.1 3 6 - 1.4 1.6 - -20.2
16x32x 32 40 4.05 4.4 4.66 4 6 19 2.0 2.1 3.0 -10.2

24 x 48 x 48 60 8.76 13.0 2.06 5 9 30 5.0 5.6 8.7 -5.1

32x64x64 80 16.66 29.3 4.03 8 14 51 9.3 10.9 21.2 -2.4

48 x 96 x 96 140 53.12 142.6 7.75 16 29 121 32.8 443 125.7 -0.9

fit < n n2.12 n2.76 n1.17 n1.16 n1.70 n2.26 n2.42 n3.38 n72.19

In the limit of infinitely many reconnection steps, all 7.2. Island seeding

current is dissipated and the vacuum field b is recovered.

Remark. MRX supports check-pointing similar to stan-
dard optimization libraries. It is possible to launch an-
other relaxation run starting from the stored state with-
out any reconnection step and compare the results.

In Fig. 11, we show a relaxation run with four recon-
nection events, targeted to change the current helicity
by 2.5% each time. We see, as expected, a stepped curve
with helicity practically constant between reconnection
events as well as a stepped decrease in 5.

10~ 8
105 b S
E 6 ~—
g i <
(\lg 1076 E E
= ; 4 T
= 107 L <
10 | s
100 L 0<

step

FIG. 11: Relaxation of the NCSX configuration with
Newton’s method and four resistive solves (dotted
lines), each with a budget of 2.5% of the helicity.
Between resistive solves, the helicity is constant to

10~7. Poincaré sections are shown in Fig. 12.

In Fig. 12, we plot Poincaré sections of the field just
before the first and the second reconnection event as well
as at the end of the relaxation, i.e. after 60, 120 and
300 Newton steps. Islands increase in size between the
reconnection events, and the final equilibrium exhibits a
large 3/5 island chain.

An island chain at the resonance r : [o(r)| = ngn/m
can be seeded in the initial condition by perturbing the
toroidal component of the reference potential,

a |0, Uy (ro)]
m

Ag s Ac + g(r) cos (2m(mb — n()), (72)

where g(r) = exp(—(r—ro)Q/w2) t:z,

surface of the equilibrium, w the radial width of the seed,
and a = |6B"|/|B¢| at 79. The factor (1 — r?) leaves the
wall trace unchanged. Since the seed is added to the
potential, div B = 0 holds exactly as well. However,
helicity, 8, and force balance are all modified slightly.

The pendulum estimate gives an island of full width =~
V/8ang,/mm |0p¢| in r. This is using the single-harmonic
result from [107, Section 2.11] with X, therein replaced
by a = [6B"|/|B¢|, and our conventions for # and ¢.

We exemplify this by seeding an island chain at the
initial condition at two resonances: 3/5 for one case and
1/2 for the second.

The resulting Poincaré sections are shown in Fig. 13
and diagnostics in Table IX, compared to a run with no
initial seeding. We see that the topology set by the seeded
initial condition is largely preserved. Interestingly, our
choice of seed for the 3/5 island chain differs from that
formed via resistive reconnection by a phase shift. The
island chains seeded here also appear more stochasti-
cized and exhibit more small scale spatial structure at
the end of relaxation. Despite the differences appearing
in the Poincaré plots, including the obvious differences
appearing in the island chains, the final helicity, energy,
volume-averaged-f3, and force balance are in very large
agreement; the final energies agree to five digits, the final
helicities to 4 digits. From these volume-averaged quan-
tities, one cannot distinguish between these very different
magnetic fields.

The relative differences in energy, helicity, plasma beta
and force residual between the three runs are small. The
energies agree to 2 x 10~ 7 initially and to 107> or better
at the end; the helicities to 3 x 1079 initially and to 10™*
at the end. Plasma /3 agrees to 10™* initially and to
5 x 102 at the end. The initial force residuals agree to

r0 is the resonant
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FIG. 12: Reconnection experiment: Poincaré sections at ¢ = 0.5 of a field period. From top to bottom: the initial
condition, the state just before the first and the second reconnection step, and the final state. The 3/5 chain, absent
from the initial field, opens to 0.8 h,. before any resistivity is applied. It then grows to 1.5 h,. after the first resistive

solve, 2.0 and 2.5 h,. after the second and third, and reaches 3.0 h,. in the final configuration.

1%, at the floor they differ by a factor of 1.1 (v = 1/2) 7.3.
and 2.8 (¢ = 3/5) from the unseeded run.

Hysteresis

The previous section showed that the final relaxation
state can be heavily influenced by the initial condition be-
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FIG. 13: Island seeding. Poincaré sections of the states of lowest force residual, reached in about 40 Newton steps
(Table IX), at ¢ = 0.5. The tiles are as in Fig. 5. Initial conditions with no island seed (top), seeded at ¢ = 1/2
(center) and at ¢ = 3/5 (bottom) with amplitude a = 10~2. The seeded chains, 2.7 h,. and 2.1 h,. wide, survive the
Newton relaxation within £10% of their initial width.

cause the initial state and its topological features can be
frozen in, up to grid-scale reconnection processes. The
next question we address is how strongly the relaxed
state is determined by the initial condition the relax-
ation starts from. Our intuition was that if some resis-
tive reconnection was introduced to climb the topological
barriers from the island seeding, the initial states would
converge to the same final equilibrium. This is similar in
spirit to a real experimental start-up phase; the plasma
begins in a cold resistive state, and heats up to ~ keV
temperatures where resistivity is very small and the equi-
librium can get frozen-in.

We investigated this question using the following ex-
periment. Starting from the same three initial condi-
tions from Fig. 13, i.e. no seed, a seed at ¢+ = 1/2,
and one at ¢ = 3/5, we perform 300 Newton steps with

TABLE IV: Diagnostics for the seeded reconnection
runs from Fig. 14 after 300 Newton steps.

seed at (1,7) AE/E x10* AH/H x10% Buot[%)] ||F||2orm x10°

- —3.88 ~10.42 243 1.97
(1/2,0.544)  —3.90 ~10.42 243 1.98
(3/5,0.794)  —3.90 ~10.39  2.42 1.62

four resistive steps. The helicity budget is slightly higher
for this experiment, 3% per reconnection, and leads to
|AH/H| = 10.4% at the final state.

Results are shown in Fig. 14. The resulting fields
largely agree, with a big island chain near r = 0.8. As
shown in Table IV, the relative changes in helicity, energy
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FIG. 14: Island seeding with reconnection. Poincaré sections of final states after 300 Newton steps and four resistive
solves, at ¢ = 0.25.

and plasma S differ by < 1% relatively to one another.
The force residua are all < 2 x 1079,

The island widths over relaxation time are shown in
Table V. We see that they converge to one another with
every reconnection step. The only exception is the seeded
1/2 island chain, which retains a width > 1.0 2, until the
end of the run.

This is a very encouraging result. Given the freedom to
re-organize the magnetic field, different initial conditions
relax to similar final configurations. Again, the final en-
ergy, helicity, volume-averaged-3, and force balance are
in very precise agreement.

The discrepancy AB := maxXgeed || Bseed — Bunseeded ||rel
drops from initially 9.1 x 107 to 1.8 x 10~* at the final
state. Every reconnection roughly halves the discrepancy

between the seeded runs and the unseeded reference.

In terms of other diagnostics, the three runs start
within 1% of one another in the force residual and, as
in Sec. 7.2, within 2 x 1077, 3 x 10~° and 10~ in energy,
helicity and plasma beta. After 300 steps and four re-
connections they agree to 2 x 1075 in energy, to 4 x 1074
in helicity and to 5 x 1073 in plasma beta.

7.4. Island pressure

Typically, pressure profiles are flattened near the O-
point of a magnetic island, although this depends on the
width of the island; smaller islands are better able to
maintain a pressure gradient across them [108].



TABLE V: Widths of the 3/5, 1/2 and 3/7 island
chains in the seeded reconnection runs, in units of the
radial cell h, = 1/16.

before reconnection event

chain seed initial 1 2 3 4 final
3/5 - 0.0 0.8 1.6 2.2 2.7 3.4
3/5 2.3 1.9 1.2 1.6 2.5 3.3
1/2 0.0 0.7 1.7 2.2 2.7 3.4
1/2 - 0.0 0.9 0.4 0.4 0.4 0.9
3/5 0.0 1.0 0.9 1.0 0.8 0.6
1/2 2.6 2.4 2.0 1.6 1.6 1.5
3/7 - 0.0 0.3 0.5 0.3 0.6 0.9
3/5 0.0 0.0 0.0 0.2 0.6 0.6
1/2 0.0 0.4 0.4 0.4 0.8 0.6

If we look at the pressure profiles in Figures 12, 13, and
14, we see that the spread of p along field-lines (the error
bars in these plots) is largest for those field-lines that lie
in magnetic islands. The flattening is most clear in the
large islands shown in Fig. 14. However, the spread of p
is a sign that p retains a spatial gradient in r.

This is expected. A discrepancy pl,,, — plr,.,, between
the island’s inner (high pressure) and outer (low pres-
sure) edge leads to a parallel force residual, as B - F' =
—B - gradp. If we denote by ¢ the length a field line
needs to move from 7y, to 7oy, this parallel force resid-
ual is of order (p|r, — Plron.)/¢- The length ¢ is large,
tens of toroidal transits in our examples. This is in line
with the Cary—Hanson formula [109, Equations (44-45)],
which predicts one full rotation around an O-point every
4/(m|0rt|w) toroidal transits, with m the poloidal mode
number and w the island width. For this reason, the par-
allel force is small, and its impact on the volume force
residual is smaller still by the island’s volume fraction;
it is an indirect route to address the pressure flattening
by minimizing the full volume-averaged force residual, so
this process is rarely complete at the end of the relax-
ation.

8. DISCUSSION AND OUTLOOK

In this work, we presented a magnetic relaxation
method in the spirit of [47] and [37] in order to com-
pute MHS equilibria without assuming nested flux sur-
faces. We demonstrated some of the capabilities of this
approach, focusing on the structure-preserving proper-
ties, including the crucial conservation of helicity and
divB = 0.

Open questions and future work are discussed in 8.1
and 8.2.

To summarize, this work has demonstrated:

e High resolution convergence studies and relaxation
runs.
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e A principled mathematical approach, based on the
discrete Hodge decomposition on non-simply con-
nected domains. Control over the amount of recon-
nection and helicity preservation.

e Very computationally efficient non-nested equilib-
rium calculations (e.g. finite-8 NCSX runs with
16 x 32 x 32 resolution can be converged to 1076
normalized force balance in 2 minutes and to the
floor in 4, see Table III).

e Differentiable non-nested equilibrium calculations,
including for future incorporation into stellarator
optimization routines.

8.1. Open questions about convergence

Questions remain about what constitutes true conver-
gence. We know any faithful relaxation method will move
towards states with singular current sheets. In this work,
we chose to modify our line search to halt relaxation once
the discretization floor is reached rather than continue to
reduce the magnetic energy at the cost of grid-scale re-
connection, leading to an increase in force balance resid-
ual. Numerous other regularization choices are possible
and are the subject of future work.

Our numerical results also point to the potential exis-
tence of lots of nearby equilibria or “almost-equilibria”
(qualifying the fact that no solutions are ever at machine-
precision normalized force balance), supporting the dis-
cussion in Sec. 1.5. Our various experiments seem to
support this conclusion; Fig. 12 relax to states with dif-
ferent island sizes determined by the initial seeding, but
all satisfy final normalized force balance to 10~8 with
essentially identical final energy and helicity, and the re-
sistive solutions in Fig. 14 mostly converge but do not
perfectly do so, despite having essentially identical relax-
ation dynamics (final absolute energy, helicity, volume-
averaged-3, and force residual). Nonetheless, it is a use-
ful observation that when the topological barriers are re-
duced, the convergence of the final state, with respect
to the initial state, is substantially improved. It remains
plausible from these results and the previous literature
that the number of nearby equilibria from small changes
in the helicity, volume-averaged-3, or further convergence
towards force balance may be very large. This opens up
future work that should clarify how 3D non-nested equi-
librium codes should be run to match experimental data.

8.2. Future work

There are several useful directions for future work.

a. QOuter loop optimization There are many opti-
mization, stability, and control problems to solve for nu-
clear fusion devices, many of which depend on the MHS
solution. In the context of stellarator optimization, the
computation of MHD equilibria comprises a constraint



within an outer optimization loop. In particular, when
Q : HI¥(Q) — R is a given function that measures the
quality of a magnetic field configuration for the sake of
some application (e.g. quality of particle confinement,
engineering feasibility), then the full optimization prob-
lem reads:

i B) sit.
Berfﬁg(m@( ) s

curl B x B = gradp, divB = 0.
Given a parametrized mapping @, : Q- ), we can also
pose the problem

min Q(((I)a)23> st. divB=0 (73)

aeRnrngnc *

and curl((®,)2B) x (®4)?B = grad p,

where ®,, is a C! diffeomorphism. An example for this
is a spline map of the form [®,]; = Y, a;;A?, where
j€{1,2,3} and a € R™"menc*3  All experiments in this
work are done using such maps.

To solve this shape optimization problem, we require
access to gradient information of the objective with
respect to the optimization parameters, {0, (®4)2B};.
JAX’s automatic differentiation tools provide automatic,
highly efficient gradients. With this functionality in
place, the presented code could be used as a back-end
for equilibrium calculation in SIMSOPT [110] and other
stellarator optimization suites.

b. TPU support The fact that TPUs do not support
any float64 representation natively is a significant chal-
lenge for runs that aim to resolve a very small force resid-
ual. There are many applications, such as the optimiza-
tion problems above, where very small (||F||3 < 1078)
residual is not needed, but this manuscript was focused
on demonstrating convergence, scaling, and structure-
preservation. This is an open problem at the moment,
potentially solvable by emulating double precision with
several float32 variables. This is, however, non-trivial to
implement without performance hits.

c. Free boundary solves Free boundary solves with
coils are the most robust check for designing the magnetic
fields of a stellarator experiment. We are also able to
replace the boundary condition B-n =0 by (B — Byac) -
n = 0 when we set v = 0 on the boundary. This can be
done with a penalty method and will allow us to move
beyond the case where the computational boundary is a
conducting wall or a flux surface [111].

d. More general maps All maps in this work are of
the form from Equation (20). Future work will illus-
trate that we have also implemented (1) the capability
to exploit further symmetries like stellarator symmetry
to save computational cost and (2) extended the code to
maps that are more general (e.g. knotted devices) and
not dependent on an initial flux surface solution, using a
re-implementation of map2disc [70] in JAX within MRX.

e. Comparison of fizred-boundary codes for finite-3
We noted in the introduction and Table I that HINT,
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SPECTRE, SIESTA are in use for fixed-boundary finite-
[ stellarator equilibrium calculations. A forthcom-
ing publication will perform comparisons between these
codes and MRX.
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Appendix A: Proofs

Proof of Lemma 4. Since ®~1(99) = 09, it holds for all
x € 0N) that

(®0f)(z) = f(@ ! (x)) = 0. (A1)
Next, for & € 95,
Do) E(@() = B(#) = B (), (A2)

with E’T € R and é, denoting the unit vector in r-
direction. This implies 9p® - (Eo®) = 0c® - (Eo®) = 0.
The tangent vector at ® is given by 7 = 7109 ® + 120, P,
hence 7 - (E o ®) = 0. Lastly, for & € 9,

B(&) = By(&) &9 + Be(#) éc, (A3)
hence
Bo® = (det D®)"! D®B
= (det D®)~(By 9y® + B ;D). (A4)



At the same time, the normal vector n is proportional to
Op® x 0P and therefore orthogonal to B o ®. O

Proof of Lemma 16. The first identity is Proposition 12
with vx B replaced by vx B—n.J, since (J,nJ)q = n||J||%.
For the second, the harmonic component of B is un-
changed by admissible variations, so §,H = (0,4, B)q +

(A, 6,B)q.
Now substitute §,B and d,A by their definitions to
reach 6, H = 2(B,v x B —nJ)q = —2n(J, B)q. O

Proof of Lemma 25. Let By = 9% B"™, constant in n be-
cause curl E | $2. Then curl( A"t — A" —§tF) = 0 with
At — A" — §tE € V. Hence this expression is a gradi-
ent: A"t — A" — §tE = grad ¢, ¢ € V (as dim$H} =0
in our case), and (grad ¢, B"*! 4+ Bg)q = 0 since both
fields are divergence-free with vanishing normal trace. It
follows that

H' = U = (A" — A", B 4 Bg)a
+ (A", B"" — B")q
=6t (B, B" ™! 4 Bg)q + 6t (curl A", E)q
=6t (E,B"" + Bg)q + 6t (B" — By, E)q
=6t (E,B"" + B")q, (A5)

by partial integration (with both A" and E in V') and
curl A" = B" — By O

Proof of Proposition 27. From B"*! = B" + §tcurl E,,,
Entl —gn = §t(B", curl E,)q + %H curl E,||3. Since
E, € Vg, the definition of the weak curl operator gives
(B, curl Ey)q = (J,E,)q. As J € V' and II} is L*-
orthogonal,

<J, EU>Q = <J,’U X Bn>Q — O’<J, Bn>Q
=—(v,J x B"q —0d(J,B™")q
= —(v,J x B" — gradp) — 0(J, B")a, (A6)

since v is divergence-free. Substitute (Id+-e curl 51\1;1) v =
J x B™ — grad p and the claim follows. O

Appendix B: Additional numerical results
1. Further numerical results: L-BFGS

This section discusses further numerical results and hy-
perparameter sweeps for the L-BFGS approach.

a. L-BFGS memory The impact of varying the L-
BFGS memory parameter m is shown in Fig. 15. Steep-
est descent (m = 0) decreases the force monotonically
but reaches only a force residual of 10~7. Non-linear
conjugate gradient (m = 1) reaches 10~ at step 1481
and m = 5 at step 1142, both with a floor of 2 x 1072,
The cost per step is essentially the same, 0.30, 0.32 and
0.33 s for m =0,1,5.

27

2
norm

IF1l

0
1
5

10—9 L

al " Ll L Ll " sl
10° 10! 102 10°
step

FIG. 15: Effect of the L-BFGS memory.

b. Velocity smoothing Table VI shows the hyper-
parameter sweep for the velocity smoothing strength. For
some values of ¢, the L-BFGS memory is dropped on most
steps (Powell’s restart, last column), the method degen-
erates to steepest descent and stalls between 5 x 1073
and 1.4 x 1077,

TABLE VI: Sweeping the smoothing constant ¢ in
e = ch?. Smoothing too little breaks the L-BFGS
method (row one), while smoothing too much makes the
method unable to resolve the small features needed to
drop the force residual below 1076,

c s/step || F||2orm  steps to ||F||2orm restarts AH/H

floor x107% 107 1077 1078 [%] x107°
0.004 0.29 14.4 1013 — — 100 -7.4
0.02 0.32 0.19 320 1190 1481 17 -10.6
0.1 0.36 5.13 157 2626 - 62 -8.0
0.5 0.56 13.9 214 — - 93 -8.6

c. Velocity formulation Table VII compares the two
velocity formulations from Section 5.3 on the NCSX case
at the reference configuration. The residual traces agree
at every step to within the round-off that separates the
two trajectories: the same steps to 1075 and 1077 (320
and about 1190), 1078 at step 1481 against 1542, floors
of 1.9 and 4.0 x 107?, and the same helicity change, as
expected from the discrete sequence properties.

The potential route costs 27% less per step (0.32
against 0.44 s), replacing the k = 3 Laplacian solve with
a k = 1 one and the e-shifted k = 2 solve with a k =1
one.

2. Further numerical results: Newton

We give some further numerical results for Newton’s
descent method in this section.

a. Precision Solver precision limits the accuracy of
the descent direction and consequently the force residual



TABLE VII: Velocity formulations: potential and Leray
projection. Performance is essentially identical, but the
potential route is faster and extends to Newton’s

method.

velocity  s/step || F||2orm steps to [|F[form  AH/H
floor x1072 107¢ 1077 107% x107°¢
potential  0.32 1.9 320 1190 1481 -10.6
Leray 0.44 4.0 320 1189 1542 -10.3
F T T
10-4 — ﬂ(?at64_;
E = = mixed 3
I = float32 1
107 3
= "

5 3
(\g 1076 E 3
= : E
107k B ilet
1078k 3
E 1 1 :
50 60

step

FIG. 16: Newton’s method in single, mixed
(single-precision solves, double-precision residual) and
double precision.

that can be reached. Fig. 16 shows that single precision
floors at ||F||?,,m &~ 1.4 x 1077, while mixed and double
precision agree. The tolerance of the inner solves does
not enter: at 1076, 1078 and 10710 the three trajectories
coincide.

Per step, mixed precision is approximately 1.5x faster
than float64. Single precision float32 is approximately
3.9x faster than float64, but at the cost of residual qual-
ity.

b. Order See Fig. 17. Increasing the order past
p = 2 does not pay off. All resolutions share a resid-
ual floor: the limit field is not regular enough to ben-
efit from higher-order approximation. Linear/constant
splines (p = 1, not shown), perform very badly in con-
trast and stall at ||F|? ., > 1074

c. Hyperparameters The preconditioner of the New-
ton solve is built from the first term of the hessian (65)
with the field replaced by its vacuum part, (u,v) —
(curl(u x ch), curl(v x ch))q, which is fixed for the whole
relaxation. This operator has a large nullspace, contain-
ing every displacement parallel to §, and it is small on
the resonant modes, the displacements nearly constant
along the field lines of §h. The preconditioner there-
fore approximately inverts the shifted operator (u,v) —
{curl(u x ch), curl(v x ch))q +# (27|p])?(u, v)o. The New-
ton system itself is not modified. STESTA linearizes the
same force operator but assembles it explicitly and fac-
torizes it [37, Section IX.A]. Following, our matrix-free
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FIG. 17: Newton’s method for p = 2,3, 4.

approach, in MRX it is only ever applied.

There are three hyperparameters that need to be set
in the inexact Newton method: The preconditioner floor
K, the line search regularization C, and the number of
MINRES iterations to approximately invert the hessian.
Their optimal values have been determined by sweeps,
shown in Table VIII.

The impact of the line search regularization parameter
C is shown in Fig. 18.

For the right value of C, the line-search converges to
very small steps at the discretization floor, as the term
|| curl B3, along the step direction grows in the presence
of numerous current sheets. The result is that the relax-
ation dynamics come to a gentle halt (C' > 0.1, yellow,
pink, and gray lines). For values of C that are too small,
the accepted time-step stays near the Newton’s suggested
6t = 1, and the force residual rises as reconnection on
grid-scale levels takes place.

d. Resolution Fig. 19 shows the Poincaré sections of
the relaxed states at three resolutions. The grid-scale is-
land size and features are resolution-dependent, as the
lowest resolution seems to open up a very small island
chain and the highest resolution appears to roughly keep
the nested surfaces. Nonetheless, the final pressure pro-
files, rotational transform profiles, and force balances are
in very strong agreement across resolution.

e. Island seeding Table IX shows runtime and relax-
ation steps to the residual floor as well as energy and he-
licity change for the seeded relaxation runs. We observe
that all runs perform similarly in these metrics despite
their markedly different Poincaré cross-sections shown in
Fig. 13.

Appendix C: Hyper-parameters
1. Numerical experiments

Table X lists the parameters used for all numerical ex-
periments reported in this work.
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TABLE VIII: The Newton configuration on the NCSX case: three one-parameter sweeps, each holding the other two
settings at the values in its first column. MINRES iterations determine the speed of descent (6th column), k
determines the quality of the floor (4th column), and C' determines how well the solution stays at that floor (Fig. 18).

sweep level s/step  ||F|Zorm floor x107° at step 1st step < 107% AE/E x107° AH/H x107°
MINRES it. 30 it. 1.6 17.7 100 - -3.81 -8.73
(k=3,C=0) 50 it. 2.3 8.8 70 58 -3.87 -18.21
100 it. 4.1 4.9 33 19 -4.39 0.74
200 it. 7.5 4.6 16 8 -5.86 67.56
300 it. 11.1 4.5 10 5 -9.20 207.04
k (300 it., C =0) k=102 11.1 14.6 14 - -7.45 91.44
k=0.1 11.1 11.9 9 - -9.86 125.35
k=1 10.8 5.8 7 5 -10.84 216.23
K=3 11.1 4.5 10 5 -9.20 207.04
k=10 11.0 3.9 17 7 -5.48 46.93
C(k=3,100it.) C=0 4.1 4.9 33 19 -4.39 0.74
C =0.01 4.0 4.1 39 19 -4.31 -3.72
C =0.03 4.0 3.5 47 19 -4.04 -14.68
C =01 4.1 3.8 65 19 -3.95 -10.97
C=03 4.1 4.6 83 19 -3.92 -10.31
C=1 4.1 5.0 90 19 -3.92 -10.22
seed at (¢,7) steps to the floor time [min] |1 F||Zom x 108 AE/E x 108 AH/H x10° final chain width
- 39 4.4 0.46 —-3.89 —10.2 -
(1/2,0.544) 39 4.4 0.52 —4.18 ~10.0 2.7h,
(3/5,0.794) 41 4.4 1.28 —6.77 +6.4 2.1 h,

TABLE IX: Island seeds on the NCSX case, Newton’s method.

2. Code settings

Finally, we provide a complete list of all user-set MRX
parameters and their default values in Table XI.
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TABLE X: The runs behind the paper’s figures and tables. The reference configuration is Newton’s method on the
NCSX 1i383 case at 16x32x32, p = 2, mixed precision, solver tolerance 1078, the harmonic atom at x = 3 with a
budget of 100 MINRES iterations, the regularized step with C' = 0.1, a CFL cap of 0.5, and a budget of 200 steps
from the VMEC field in chunks of 20, stopping at the floor (a chunk’s mean accepted step below 0.1 or its mean
squared residual below 10~8); no seed, no reconnection. For L-BFGS, the defaults are m = 1 with Powell’s restart,
velocity smoothing with v = 1 and ¢ = 0.02, the potential velocity, C' = 0 and 5,000 steps in chunks of 500 without a
floor stop. Each row names what the experiment sweeps and what else deviates from the reference. A seed (m,n)
has amplitude a = 1072 and width 0.1 at the resonant surface. A reconnection event is one resistive solve every 60

steps spending the stated share of the helicity.

experiment shown in  swept otherwise
helicity preservation Tab. II precision mixed / float64, L-BFGS, v =0,
c=0/0#0 steps = 1000
L-BFGS memory Fig. 15 m € {0,1,5} L-BFGS
Newton against L-BFGS, wall time Fig. 9 Newton / L-BFGS -
Newton convergence in n, Tab. III,  Newton / L-BFGS, n, € {12,16,24, 32,48} —
Fig. 19
Newton: MINRES budget, atom, C Tab. VIII, it € {30, 50,100,200, 300}, steps = 100, no floor stop;
Fig. 18 x € {1072,0.1,1,3,10}, C = 0 in the it and x sweeps
C € {0,0.01,0.03,0.1,0.3,1}
Newton: resolution, degree Fig. 10, nr € {12,16,24, 32,48}, -
Fig. 17 p€{2,3,4}
Newton: solver tolerance, precision Fig. 16 precision mixed / float64 / float32, -
tol € {1076,1078,10710}
reconnection ladder Fig. 11, - steps = 300, C = 0, no floor stop,
Fig. 12 4 reconnections at 2.5%
reconnection ladder, L-BFGS Fig. 1 — L-BFGS, Leray velocity, steps = 40000,
4 reconnections at 2.5%, every 8000 steps
seeded island chains Tab. IX,  seed none / (6,1) / (5,1), -
Fig. 13 steps € {100,200}
seeded island chains with reconnection Tab. IV-V, seed none / (6,1) / (5,1) steps = 300, C' = 0, no floor stop,
Fig. 14 4 reconnections at 3%
velocity formulation Tab. VII  velocity potential / Leray L-BFGS
velocity smoothing Fig. 8 ~v € {0,1}, L-BFGS
steps € {5000, 20000}
velocity smoothing constant Tab. VI c € {0.004,0.02,0.1,0.5} L-BFGS
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TABLE XI: MRX relaxation parameter choices and default values.

Parameter Default Notes

Initial condition: equilibrium file (.wout/.dat) - Also used to load the geometry.

Number of splines (n,-,ng,n¢) (16, 32, 32) Fig. 10.

Spline degree and quadrature points per cell (p, q) (2,p+1) Fig. 17. Computational cost ~ p3.

Custom knot vectors for mesh refinement none Fig. 2.

Precision {float32, float64, mixed} mixed Fig. 16.

Solver tolerance 10-8 Fig. 16; 10~ 19 in float64, 3.5 x 10~ in float32.
Island seed (m,n), cf. Sec. 7.2 off Add: location r, width w, amplitude a, Eq. (72).
Descent method: Newton, L-BFGS(m) Newton Sec. 5.9. Default m = 1.

Newton (MINRES iterations, dtmax) (100,1) Table VIII. More iterations: past the floor sooner.
Newton preconditioner floor x 3 Table VIII; k — oo: the curl-curl preconditioner.
Smoothing (v, €) (1,0.02 h2) Fig. 8, Table VL.

Velocity formulation {Leray, potential} potential Table VII. Newton always uses the potential v.
CFL cap on the line-search step 0.5 Eq. (62).

Helicity correction o off Eq. (59), Table 1I; +3-5% per step.

Regularized line search C' (Newton) 0.1 Eq. (69), e = Ch2; off for L-BFGS.

Stop on the accepted step dt (Newton) 0.1 Sec. 6.4; the run ends at its floor. Off for L-BFGS.
L-BFGS restart (Powell) 0.2 Memory dropped when |(Fy, F,_1)q| > 0.2 || Fx||3.

Maximum steps

Steps per compiled chunk

Squared force residual stopping criterion
Resistive reconnection every K steps
Restart: continue from previous checkpoint

100 (Newton)
20 (Newton)
1078

off

none

The reference runs of Table X use 200 and 5000.
Diagnostics and check-pointing happens between chunks.
Tested on the mean over a chunk.

Fig. 11; helicity share per solve, 1% when on.
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